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1 Introduction

Recently essential developments have been made in the theory of quantum correlation
functions showing that correlators of quantum exactly solvable models satisfy classical
completely integrable differential equations [1]-[6] (for the case of the nonrelativistic Bose
gas, this program is fulfilled, see, for instance, [7]). In order to obtain these differential
equations, an important preliminary step consists in representing correlation functions
as the determinants of Fredholm linear integral operators. For the nonrelativistic Bose
gas these representations were given both for the time independent case [8, 9] and for the
time dependent one [10].

In this paper determinant representations of this kind are obtained for the distance,
time and temperature dependent two-point correlation functions of the XX0 Heisenberg
chain, both for the finite lattice and in the thermodynamical limit. In order to write
differential equations and to calculate their asymptotics, our further plan is to construct
and solve a matrix Riemann problem, similarly to the case of the nonrelativistic Bose gas
[5], [11]-[13] (see also Ref. [7]).

The XX0 chain is the isotropic case of the XY model [14], being also the free fermions
point for the XXZ chain. The Hamiltonian describing the nearest neighbour interaction
of local spins % situated at the sites of the one-dimensional lattice in a constant transverse
magnetic field A is

M
H(h)=-> [ag(ﬁm)ag(cmﬂ) + Uém)azgmﬂ) + hagm)} . (1.1)
m=1
The total number M of sites is supposed to be even and periodical boundary conditions,
oM+ = ¢ (s = 2,y, 2), are imposed. Pauli matrices are normalized as (o§m>)2 = 1.

The ferromagnetic state | 0) = ®Y_, |1),, (all spins up) is an eigenstate of the Hamil-
tonian. All the other 2 — 1 eigenstates can be constructed by filling this ferromagnetic
state with N quasiparticles (N = 1,2, ..., M) possessing quasimomenta p, (a = 1,2,..., N)
and energies €(p,),

e(p) =¢e(p,h) = —4cosp+ 2h . (1.2)

Due to periodical boundary conditions, one has the following condition for the permitted



values of quasimomenta
eMpe = (—1)N+L a=1,..,N. (1.3)

All the momenta of the quasiparticles in a given eigenstate should be different, so that,
e.g., for N = M, one gets in fact only one eigenstate (which is just the other ferromagnetic
state with all spins down, | 0') = @M_, ||)n)-

Due to the similarity transformation,

H(h) — H(=h)=UHh)U™"; U= ﬁ olm
[0) = 10)=U10), (1.4)

it is sufficient to consider only nonnegative magnetic fields, h > 0. Furthermore the
choice of the minus sign at the r.h.s. of eq. (1.1) is just a matter of convenience due to

the property
H(h) — —H(=h)=VHMh)V V=] o®m.

The model in the thermodynamic limit (M — oo, h fixed) is the most interesting.
For h > h, = 2, the ground state of the Hamiltonian is just the ferromagnetic state | 0).
For magnetic field smaller than the critical value, 0 < h < h,, the ground state | 2) is
obtained by filling the ferromagnetic state with quasiparticles possessing all the allowed
values of momenta inside the Fermi zone, —kr < p, < kp, where the Fermi momentum

kr is defined by the requirement e(kr) = 0:
h
kpr = arccos <2> 0<h<h,. (1.5)

In the thermodynamical limit (M — oo) the number Ny of quasiparticles in the ground
state is going to infinity, Ny — oo, “density” D = Ny/M remaining fixed. At zero
magnetic field kp = 7, and there are % quasiparticles in the ground state, magnetization
being equal to zero.

At non zero temperatures T > 0, the distribution of quasiparticles in the momentum
space is ¥(p)/2m where ¥(p) is the Fermi weight

1

() = (p,h, T) = ————— .
14 exp {#]

(1.6)



Temperature and time dependent correlators of local spins (™ (t),

thO_Lgm)e—th ’

If
)

a(m) (t)

s

olm o™ (0), s=ux,y,z, (1.7)

are defined as usual,

g (m,t) = (o (ts)o™ (1)), =

T

Sp {exp[—H/T)o (") (t,)0(")(11) }

- Sp {expl—11/7]) e
Due to translation invariance, the correlators depend only on differences,
m = ng — nq, t=1ty—1;. (1.9)
At zero temperature, only the ground state | Q) contributes to the traces in (1.8):
4O (m, 1) = (] o{™)(ta)ol™) (1) | ) (1.10)

Q1)

In Ref. [14] the equal-time correlators (t = 0) of XY model (of which the XX0 model
is a particular case) were calculated at zero magnetic field (h = 0). The simple answer
for the correlator g{?)(m, 0) of the third spin components was given; for the XX0 chain it
reduces in essential to the square modulus of the Fourier transform of the Fermi weight.

This result was generalized to the case of the time-dependent correlator with nonzero

(1) were considered in much

transverse magnetic field [15]. Properties of correlator g,

detail [14]-[17]. Real systems for experimental comparisons were found [18].

On the contrary, correlators of the other local spin components are much more compli-
cated. In Ref. [14] these correlators (for the XY model at t = 0, h = 0) were represented
as the determinants of m x m matrices (m is the distance between correlating spins).
This representation was investigated in detail in [16] (see also [19]). In Ref. [20] the
structure of the time-dependent correlators was investigated on the basis of an extension
of the thermodynamic Wick theorem. In Ref. [2], a representation (different from the one
obtained below in this particular case) of the autocorrelator (m = 0, ¢ # 0) in the trans-

verse Ising chain in critical magnetic field (closely related to correlators in the XX0 model



at h = 0) were given as the Fredholm determinant of a linear integral operator. This
representation was used in [6] to produce differential equations for the autocorrelator.

In the present paper the time dependent correlators (see (1.8), (1.9) for notations;

aim) = %[O':S:m) + iaém)])
T n n
¢ m,t) = (o1 (t)o" (1)), (1.11)
¢ m,t) = (0" (t)o"(t)), (1.12)

for the XX0 model in a transverse magnetic field are given (in the thermodynamical
limit) as Fredholm determinants of linear integral operators. These representations, dif-
ferent from those of paper [14], are similar to the representations of two-point correlators
previously obtained for the one-dimensional impenetrable Bose gas (see [8, 9] in the
equal-time case and [10] for time dependent correlators). In Ref. [21], the Fredholm
determinant representation for the time-independent generating functional of currents
in the sine-Gordon model at the free-fermion point was obtained. Representations of
this kind proved to be extremely useful in obtaining the integrable differential equations
for correlation functions in the case of the impenetrable Bose gas (the V Painlevé tran-
scendent in the equal time zero temperature case [1] and integrable partial differential
equations for time and temperature dependent correlation functions [4, 5]). In turn, this
fact allowed to construct exact asymptotics for the correlators [1, 12, 13]. Corresponding
results are expected to be obtained also for the XX0 chain.

The further contents of this paper is as follows. In Section 2 the detailed description
of the XX0 model on the finite lattice is given. In Section 3 the mean value of the gen-
erating functional of the equal-time third spin components correlators with respect to
any eigenfunction of the Hamiltonian is calculated. It is represented as the determinant
of a N x N matrix, N being the number of quasiparticles in the corresponding eigen-
state. The mean value of the time-dependent product of two third spin components on
a finite lattice is calculated in Section 4. In Section 5, form factors of operators oim) (1)
(i.e. their matrix elements between eigenstates of the Hamiltonian) are represented as
determinants of N x N matrices. The representation of the normalized mean values of

products 05:12)(252)0(_”1)(251), a(_m)(tg)ainl)(tl), with respect to any eigenstate of the Hamil-



tonian containing N quasiparticles, as the determinants of N x N matrices (for finite
M) are given in Section 6. In Section 7, these representations are proved. The answers
for the correlators in the thermodynamical limit (M — oo, h fixed) are given in Section
8 (for zero temperature) and in Section 9 (for non zero temperature). Some details in

performing the thermodynamical limit are considered in the Appendix.

2 The Model on the Finite Lattice

The Hamiltonian describing the XX0 model in transverse magnetic field was given in

(1.1):
H(h) = Hy — 2hS, . (2.1)

Here H, describes the nearest neighbour interaction of spins % situated at the sites of the

lattice,
M
Ho=— > [o{™alm+D) aém)al(/m“)] ) (2.2)
m=1
and S, is the third spin component of the total spin,
1 M
S. =3 S ol (2.3)
m=1

The space H where these operators act is a tensor product of local spaces, H = @M_, Hm),
H(m) being the linear space C? corresponding to the m* local spin spanned by the basis

vectors |T),, (spin up), ||). (spin down)

o ) =[ ) & | Lm =l
m{ M Mm = m{Um =1; m(T[L)m =0. (2.4)
Local spin operators 0},’”) (p = z,y, z) with commutation relations
[algm), Uén)} = 2i5mnepqraﬁm) (2.5)

are Pauli matrices acting non trivially in H(,,). The complete set of mutual eigenstates

of H(h) (Hp) and S, is obtained by applying lowering operators o™ (as usual, aim) =

: {ng) + iaém)}) to the ferromagnetic state | 0) (all spins up):
| 0> = ®%:1 |T>ma ;
M
S: 100 =5 10); H[0)=—-Mh]0). (2.6)



The explicit form for the eigenfunctions of Hamiltonian (2.1) is well known, being just
the simplest case of eigenfunctions of the XXZ model [22] with the two-particle scattering
phases equal to zero. For the XX0 model they have the following form:

| Un({p})) = | Yn(p1,-ipn)) = (2.7)
1 M

_ - o (m} | {p}) o™ o™ | 0)

\% N! mi,....mMN

with wave function y, given as

XN({m} | {p}) = XN(m17""mN |p17"'7pN) =

1 N
= — e(my —my)| - (—1)[Q] exp [Z maan] ,(2.8)
VNI [1<a1;I[<N ] ZQ: agl
where €(m) is the sign-function, defined as
1, m > 0;
e(m) =1 -1, m<0; (2.9)
0, m=20.

The sum in (2.8) is taken over all the permutations of N numbers, @ : (1,2,...,N) —
(Q1,Qs, ..., QN); [Q] denotes the parity of the permutation.

Due to the periodical boundary conditions, quasimomenta p, (—7 < p, < m) satisfy

equations
exp [ipaM] = (-1)"* ) a=1,..,N, (2.10)
i.e., the permitted values for the momenta are
27
a 57 a s
Po =1
M . .
ng=—%+7, =1,2,....M  for N odd,
¢ 2 ) ! (2.11)
na:—% +7, 7=12,....M  for N even.

The sum over the permutations in (2.8) is just the Slater determinant. Hence wave
function y, is symmetric in “coordinates” m, and antisymmetric in quasimomenta p,,
being equal to zero if some of the coordinates or momenta coincide. In particular, all
the momenta p, (a = 1,..., N) of the quasiparticles in the eigenstate | ¥, ({p})) should

be different, otherwise the wave function is identically equal to zero (“Pauli principle”).

6



E.g., for N = M only one eigenstate | Uy,) = | 0) = @M_, ||),, does exist, which is just
the other ferromagnetic state with all spins down.

Eigenvalues of operators H(h) and S, for eigenstate | ¥, ({p})) are

| y({p}) — (Zs@a)) o))

sl en(ohy = (5 - N) 1)) (2.12)

with the one particle energy (“dispersion law”) given as
e(p) = —4cosp+2h. (2.13)
Eigenvectors (2.7) with different numbers of quasiparticles are orthogonal,
(Uny [ ¥n,) =0, Ny # N,

as well as eigenvectors with the same number of particles, but different sets of momenta:

(Un({ph) 1 On({p}) =0, {p} #{p'};

(more exactly, this is valid if the set {p’} cannot be obtained from the set {p} by means

of permutations of quasimomenta p,). The normalization is given as

(Un({r}h) | ¥n({p'}) =
= Z X*N(ml, oM | D1y o DN) Xy (M, ooy My | 1y oy PN) =

- MM (2.14)

Let us discuss the dependence on the external magnetic field A. We consider the model
only in the case h > 0 (which is sufficient, due to property (1.4)). For strong magnetic
fields, h > h. = 2, the ground state of the Hamiltonian is just the ferromagnetic state
| 0), with normalized mean value (™) (magnetization) equal to one. For magnetic field
smaller than the critical value, 0 < h < h,, the ferromagnetic state is not the ground
state. The ground state | ) in this case is constructed by filling the ferromagnetic state
with quasiparticles occupying all the permitted vacancies, see (2.11), in the Fermi zone,

—kp < p, < kp, where kr = arccos(h/2) is the Fermi momentum (1.5).

7



Magnetization o, in the arbitrary eigenstate | ¥, ({p})) is easily computed to be

y oy Zigy (D) [0 [Un(iph) | 2N
VI T MY T T ({oh) [N () 7

Let us conclude this Section by discussing the correspondence between the XX0 model

(2.15)

and free fermions on a one-dimensional lattice [14]. Introducing operator ¢, of the number

of quasiparticles at the n'" site of the lattice,

1 n) (n N
in= 3 (1) =0l exploria =1 210

and the operator Q(m) of the number of quasiparticles in the first m sites,

m

Q(m) = n ; exp [2miQ(m)] =1, (2.17)

n=1
one constructs fermionic fields (m), ¥"(m) through the Jordan-Wigner transformation
[23]:
b(m) = explin@Q(m)] o},

Wim) = o™ explirQ(m)] , (2.18)

with the following anticommutation relations:

{om),vim)} = vm)' () + ¥ n)eim) = o,
{wm),v(m)} = {¢'(m).e(m)} = 0.

)

Operators §,, Q(m) and O'(im may be rewritten in terms of the fermionic fields as

G = Y ()() @<m>=§w<n>w<n>, (2.19)
and
o™ = exp[inQ(m)] ¥(m),
o™ = l(m) exp[irQ(m)] . (2.20)

It is therefore possible to express the Hamiltonian Hy (2.2) and the total spin S, (2.3) in

terms of the fermionic fields:

Hy = =23 [¢1(m+1)g(m) + v (m)g(m+1)] |

m=1

= > Wi m)w(m) (2.21)

m=1

S, =

vo| 5



which indeed describe free fermions on the lattice (one should also take into account
that periodical boundary conditions in the XX0 model generate “a-cyclic” boundary
conditions for free fermions [14]). Hence the problem of computing correlation functions of
local operators, (as e.g. (afz)(tg)a(,nl)(tl))) in the XX0 model is equivalent to calculating
correlators of “tailed” (“disordered”) operators (2.20) for free fermions.

In [14], the correspondence with free fermions was exploited to compute correlators.

Our calculations below are done directly in the frame of the XX0 model itself.

3 Normalized Mean Value of Operator exp [aQ(m)| on
the Finite Lattice

Let us consider the normalized mean value

(Un({p}) | exp[aQ(m)] | Yn({p}))
(Un({p}) [ Un({p}) '

in the XX0 model on the finite periodical lattice with M sites. Here Q(m) (2.17) is the

(exp [aQ(m)])

(3.1)

operator of the number of quasiparticles in the first m sites of the lattice; « is a complex
parameter. The mean value (3.1) is taken with respect to some eigenstate | ¥ ({p})) (2.7)
of Hamiltonian (2.1). As explained in the end of this Section, the quantity exp[aQ(m)]
defined in (3.1) generates equal-time mean values of products of operators o{™; so it is
called “generating functional” for these mean values. The value of generating functional
(3.1) itself at &« = —oo has a clear physical meaning giving the probability that there are
no quasiparticles in the first m sites of the lattice in the eigenstate | ¥, ({p})).

The generating functional can be represented in the following explicit form:

(exp [aQ(m)]), = dety M(m) . (3.2)

Here the r.h.s. is the determinant of the N x N matrix M = M(m) with matrix elements

given by

e*—1 e —1 sin % (p, — pp)
M sin %(pa — Dp)

(M) gy = dap (1+ m) + (1 = dap) . ab=12.,N,



where {p} = {p1,...,pn}, Pa = na is the set of quasimomenta (2.11) defining eigenstate
| U ({p}))-
Let us explain how this expression for the generating functional is obtained. First,

using commutation relation

exp [aQ(m)] o™ = p(n,m)oc"™ exp[aQ(m)] .
1, n>m,

p(n,m) = (3.4)
e“, n < m,

and also equations (2.7), (2.4), as well as commutation relations (2.5) between the Pauli

matrices, one gets

<eXp [aQ(m)]>N = 2N Z X*(mh"'um]\f ’pla“pr) X(mlu"'7mN |p17"‘7pN) :

«p(my,m) p(ma,m) ... p(my,m) . (3.5)

Now one uses equation (2.8) for x,, and performs explicitly the summations over

mi, ...,my by means of formula

M eim(Pa—ps) _ |
Z em(p“_pb)gp(n, m) = (M~ (e* — 1)m) dgp + (1 — dgp) (e — 1)

n=1 1 — e—i(Pa—pb)

with the result

N ~
{exp [aQ(m % 1) Q@] 1;[( )QGQ&:detNM, (3.6)

where the sum is taken over permutations @, Q" of N numbers. Matrix elements (M)ab

are

(M)ab = 6ab (14—6]\; m)—i—
e —1 exp[im(p, —py)] — 1
+(1 = Oar) M 1 —exp|—i(ps — )]’
a,b=1,...,N.

Now it is easy to see that the determinants of matrices M and M (3.3) are equal, the

matrices being similar. So one comes to representation (3.2) for the generating functional.

10



Normalized mean values for operators Q)(m) and §,, can be derived from the generating

functional (3.1) as follows:

Q) = s-lewlaQul, =S
limhy = DUQUM), = 7 (37

where D; is the “first lattice derivative” acting on functions f(m) as (D, f)(m) = f(m) —

f(m —1). Relation (2.15) is obviously reproduced for magnetization:

- ) ON
o, = (0! )>N:1—2<qm>N:1—M. (3.8)
For the mean value of operator Q*(m) we readily get
o2
@)y = o (e Q)] |y =

N(N—-1) , Nm 1 X sin2%(pa—pb)
= - — . 3.9
ez * M M? agzjl Sin2%(pa—pb) (3.9)

a#b

Using translation invariance one expresses normalized mean values (¢n11G1) v = (GngyGny ) »

(m=mny —ny) as

(lnalin)s = 5DAQ),,  m22,
(i) = §(Qm=2)), — (@),
@) = G

where D, is the second derivative on the lattice acting on f(m) as (Daf)(m) = f(m +

1) + f(m — 1) — 2f(m). Using relation (2.16), g, = 1(1 — ™) , one obtains for the

normalized mean value of the third spin components from (3.9):

(oo}, = % — 1

v Y ., m=ng—ng £0. (3.10)

4 Time-Dependent Normalized Mean Value of Op-
erator 0. o, on the Finite Lattice

We consider here the simplest time-dependent two-point normalized mean value,

512) (£} (1) _ (In({p}) [ o (t2)ol"™ (1) | Tn({p}))

11




Here

o (t) = expiHt]a™(0)exp[—iH1]

c™0) = oM, (4.2)

is the Heisenberg time-dependent operator of the third spin component at the n'* lattice
site; | U, ({p})) is any eigenfunction of the XX0 Hamiltonian (with periodical boundary
conditions) parametrized by quasimomenta p, (a = 1,...,N), see (2.7)-(2.9). The result

of calculating mean value (4.1) is

2

N
<U§"2)(t2)0§"1)(t1)>N = 0'12\] Y Z exp [imp, — ite(pa)]| +
a=1
4 N M
+W (Zl exp [—imp, + ite(pa)]> . Zl exp [img; — ite(q;)] |
a= j=
m=ng —nq; t=ty—t;. (4.3)

Here 0, =1 — % is the magnetization (2.15), and £(p) = —4cosp + 2h is the energy

(1.2) of a quasiparticle. The last sum over j in (4.3) is taken over all the allowed values

2r (1 M1 N . .

of quasimomenta. It should be noted that for ¢ = 0, m # 0 the sum over j in (4.3) is
equal to zero, so that the equal-time correlator (3.10) is reproduced. As mentioned in
Introduction, the zz correlations were already studied in Ref. [14, 15]. Here we present
the derivation of eq. (4.3) directly in the frame of the XX0 model.

Let us explain briefly the derivation of formula (4.3). Inserting in the r.h.s. of eq.

(4.1) the complete set of N-quasiparticle normalized eigenstates,

| Wy ({a}) ) (P (e} |
(W ({ah) [P, ({a}))

(since operators o™ does not change the number of quasiparticles, only states with N

(4.5)

quasiparticles do contribute) and taking into account normalization (2.14), one gets

(0 ()0 (0))y = Ty 3 2 (ns, b, {0)) Z (e {a) (0))
{a}
exp {—zf > Fla) - e(pan} , (4.6
t=1ty — 1. B

12



Here 7, is the time-independent form factor of operator o™ = o™ (¢ = 0):

Zy(n,{a}, Ap}) = (P ({a}) | o [ 0, ({p})). (4.7)

The sum in (4.6) is taken over all the different eigenstates parametrized by different
momenta {¢} = qi,...,q,. State | ¥ ({q})) is antisymmetric under permutations of
quasimomenta g,’s, and states | ¥, ({¢})) and | ¥ ({¢'})) differ at most in the sign if
set {¢'} can be obtained from set {q} by permutations of momenta g. Such N! states
are essentially the same, and only one of them (anyone, due to the symmetry in ¢’s of
expression (4.5)) should be inserted as intermediate state.

Using commutation relations (2.5) between Pauli matrices, the symmetry in argu-
ments m of wave function x, (2.8), the fact that x, = 0 if any two (or more) m’s
coincide, and relation o™ | 0) = | 0), one calculates for the form factor substituting

expressions (2.7) for the eigenstates:

Z(n,{qa}, {r})

(Un({g}) | o [ Un({p})) =

= > xS, mas{a)) Xy (ma, oma {p}) (4.8)

mi,...,.my=1
M

—2N Z X;(mla”'va—hn; {q}) XN(ml)"‘JmN—lan; {p})

mi,....my_1=1
Using now the explicit form (2.8) of the eigenfunctions, one gets

Zundah ) = ;3 DU exp |03 oy ~ )| -

mi,...mny=1Q",Q a=1

2N )@ :
N 2 (= exp [—in(qg, — pan)] -

mi,..my-1=1Q",Q

N-1

$eXPp [—i > maldg, —an)] : (4.9)
a=1

It is to be mentioned that though, e.g., €(mg, —my) = 1 — 0., m, # 1, terms proportional

to Oy, m, do not contribute, since the sums over permutations in (4.9) are equal to zero

at m, = my, not depending on the value €(0). The sums over m, may be performed

explicitly,

M7 Ga = Db,

M
Z e~ im(da—pp) —
m=1 0, Qa 7 Db,

(4.10)

13



(periodical boundary conditions (2.10), eM% = eMPr = (—1)N+1 ghould be taken into
account). It is therefore evident that the r.h.s. of (4.9) does not vanish only if sets {¢}

and {p} differs at most in one momentum. In such cases, we obtain

9N
Z (M5 P1s ey Dai Py oy Dy ) = MY (1—M> , (4.11)
Z(MiP1y s Dy s G D1y ooy Dy 1 s D) = —2M N "teminlamp) | q#p. (4.12)

All the non zero form factors, being antisymmetric under permutations of ¢’s and per-
mutations of p’s, can be easily obtained from (4.11), (4.12) just by prescribing the corre-
sponding sign. Turning now to the normalized mean value (4.6) and taking into account

that the product Z Z is symmetrical under permutations of ¢’s and of p’s, being equal

N

to zero if any two ¢’s (or any two p’s) coincide, one gets

(o Eo 1), = (1= ) (4.13)
M
4 N M
+W (;1 jzl eXp [Zm(q - pa) - it[g(QJ) - €(pa)]]
qiFP1s- PN
Finally, taking into account that

M M N
Z f(q]) :Zf(QJ)_Zf<pa)7 (414)

qg#glz,-lv-,pzv = o

one comes immediately to representation (4.3).

5 Form factors of Operators o4 on the Finite Lattice

In this Section form factors of operators aim) (1),

i.e. their matrix elements between eigenstates of Hamiltonian (2.1) are calculated. This

is, in particular, necessary to calculate the corresponding correlators. Form factors are

defined as

Fy(mt, {g}. {p}) = (Unp({a)) [ @) [ n({p}), (5.1)
Gy(mt, {p}.{a}) = (Ix({p}) | o) | Tnsa({q})) - (5.2)

14



The form factors F,, G, are related by complex conjugation,

FL(m,t,{a},{p}) = Gy (m,t.{p}.{a}) . (5.3)

so that in the following only form factor Fly is considered. In the previous formulae,
{¢} = @1, qy,, (dim{qg} = N+ 1) and {p} = p1,...,p, (dim{p} = N) are the sets
of different quasimomenta parametrizing eigenvectors | Wy,1) and | ¥y) (if dim{q} #
dim{p} + 1, then the form factors are equal to zero). It should be emphasized that, due

to periodical boundary conditions (2.10)
eiMqa —_ (_1)N ’ eiMpb — (_1)N+1 ’ (54)

quasimomenta g, and p, never coincide.
Form factor F, (5.1) can be represented (up to the factor obvious from translational
invariance) as the determinant of a N x N matrix, namely

N+1 N+1

FN(m7 t {Q}’ {p}> = iN eXp [_Zm{ Zl Ga — Zpb} + it{ z_:l g(CJa) - bz_: 5(pb>}
Fn({atAp})
FelladAry) = Fi{ah{p}), (5.5)

where function Fy does not depend on m, t, and can be represented as the determinant

Fulfa) o) = <1+g>detNA(z) _

< 2=0

= det,A(z=1). (5.6)

Here A(z) is a N x N matrix with elements depending linearly on the complex parameter
z:
A(z) = AW — 24D
1
Al = cot §(qa - ), (5.7)

1
A((j)) = cot §(qN+l _pb) 5 a,b - 1, ,N .

All the rows of matrix A® being the same, the rank of this matrix is equal to one. Hence,

det, A(z) is itself a linear function of z. For generic linear functions f(z), the following
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obvious relation holds

[HSZ] 1) =i, F(z) = at bz, (55)

so that the second equation in (5.6) is evident.

Let us explain briefly the derivation of representation (5.6), which is similar to the
one of paper [10] for the nonrelativistic Bose gas. Starting from definition (5.1) and using

explicit expression (2.7), (2.8) for the eigenfunctions involved, one gets for the form factor
N+1

FN.exp<[ 03 e ;g )—

a

—vVN+1 Z X"]‘\]H(ml, wmy,m | {q}) xy(m,....,my | {p}) =

1 M ‘ N
— ﬁ Z Z(_l)[@]""[P} exp {_@quN+1] H e(m — mb
T My my=1Q,P b=1

- exp [—ii(cha - ppa)] : (5.9)

Here @Q: (1,..,.N +1) — (Q1,...,Qy,,) and P: (1,..,N) — (P,...,P,) are all the
permutations of N + 1 and N numbers, respectively. The summations over m;’s are

performed explicitly by means of the formula

Z e(m —n) e~ 9a=P) — j cot, §(qa — ) - e "mlda=m) (5.10)
n=1

iM(ga=po) = 1, following from periodical boundary conditions (5.4) should be

(relation e
taken into account). Moreover, noticing that the form factor is antisymmetric under

permutations of quasimomenta pb, one gets

N+1 N+1 N
By = exp | =) g0~ zpbﬂtzl )= Y cl| - Fulfah o)) (5.11)

with

P, ah () = (-1 [T eot (g, ~ ) (512

Q
(the permutations of p,’s have been summed over, cancelling the factor 5 in (5.9)). The

sum in the r.h.s. is just the determinant of the (N + 1) x (N + 1) matrix B:

Fnv(a}{p}) = dety, ,B; (5.13)
1
By, = cotﬁ(qa—pb), a=1,...,N+1,
Bonei = 1, b=1,..,N:
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Subtracting the last row of matrix B from the first N rows (which does not change the
value of the determinant) and then expanding the determinant of the obtained (N +
1) x (N + 1) matrix in the elements of the (N + 1) column, we come exactly to to the

determinant of the N x N matrix A(z = 1) defined in (5.7):

det, B =det Az =1), (5.14)

N+1

so that representation (5.6) for the form factor is proved.
Let us conclude by mentioning a useful property of representation (5.6): it is possible
to introduce a complex parameter into the r.h.s. of (5.6) without changing the result.

Let us define matrix A(z, ¢) with matrix elements
Aw(z,¢) = Agy(2) + (1 — 2) ceC. (5.15)
It is obvious that det Nfl(z, ¢) is a linear function of z, and moreover, that

det, A(z =1,¢) = det, A(z = 1), (5.16)

so that we can also write for Fy:

.= det, A(z =1,¢), (5.17)

z=

Fllab (o)) = L+ 5| dety Az,

(the r.h.s does not in fact depend on ¢). The possibility of introducing this arbitrary
parameter c is related to the possibility of prescribing any value €(0) for function e(m)
in (2.9), (5.10) without changing the final results of calculations. This is a consequence
of the fact that wave function y defined in (2.8) is equal to zero if m; = my, (j # k) for

any choice of the value €(0).

6 Time Dependent Normalized Mean Values of Prod-
ucts of Operators 0., 0_ on the Finite Lattice

In this Section the determinant representations for the normalized mean values of the
product of local operators asrm) , o™ on the finite lattice are given. These representations

are proved in the next Section.
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Let us consider first the normalized mean value

(Ty({p}) | o1 (t)0 "™ (1) | Un({p}))
<‘I’N({p}) | ‘I’N({p}»

with respect to some eigenfunction | Uy ({p})) of the XX0 Hamiltonian (2.1). Due to

(@7 (t2)0 "™ (1))

(6.1)

translational invariance this quantity depends only on relative distance m = mgy — my

and time t = t5 — t;. It is also easily seen that

(@ ()" (L)) = (07 (t2)a ™ (1)), (6.2)

so that in the following it is sufficient to consider mean value (6.1) in region m > 0,
—00 < t < +00.

The following representation is obtained in the next Section for quantity (6.1):

z=0

(07 (t)o ™ (1)) = e B [g(m,t)—l—ai] det,, [S — 2R™)]

_ 2kt {[g(mat) — 1] det, S + det,, [S — R(+)}} , (6.3)
Here matrix elements of N x N matrices S = S(m, ¢, {p}) and R*") = R (m, t,{p}) are

Sab - 6ab d(m7 tupa) exp [_impa — dat COSpa] +

+ (1 -5 ) €+(m, t7pa)€—<m, t,pb) - 6_(m, t,pa)e+(m, t7pb)
“ M tan L (p, — py)

T ar (m t) (m t pa) <m7t7pb> ; (64)

R((z—li_) = Me-F(mat:pa)e-‘r(matapb)- (65)

Functions e. are defined as

. m .
e_(m,t,p,) = exp {—2pa—22tcospa ,

6+(m7t7pa> = 6—(m7t7pa)€(m7tupa> ’ (66)

and functions g, e, d are given as the sums:

1
g(m,t) — Z exp [imq + 4it cosq| , (6.7)

exp zmq + 4it cos (]

e(m,t,p,) = —Z tan (g = po) (6.8)
dlm.t.pa) = MQ Z exp zmq(—iq—élz;(;c))SQ] 7 (6.9)
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Let us explain notations in more detail. Momenta p, (a =1, ..., N) are the momenta

of quasiparticles in state | U ({p})) satisfying equations

eMpa = (—1)NHL —T < py <,
o QMﬂ ( M+1 + na) , N even, (6.10)
21 ( ) N odd,
ng = 1,.... M, a=1,...,N.

The sums over ¢’s are taken over all the permitted values of momenta of quasiparticles
in a (N + 1)-particle state, i.e,
M
S flo) =Y flg (6.11)
q 7=1

where momenta g; satisfy equations

€iqu — (_1)N+2 ,
2 (_M +j) N even, (6.12)
q; = .
(- ), N odd,
g = 1,..., M.

Due to (6.10), (6.12), ¢; never coincide with any of p,’s, so that the sums (6.7)-(6.9) are
well defined.
The rank of matrix R™) being equal to one, the first determinant in (6.3) is a linear
function of z, and due to property (5.8) the second equality in (6.3) is obvious.
Representation (6.3) is simplified in the equal-time case (¢t = 0), where functions g, e,

d can be computed explicitly:

g<m70) - 5m,07 (m:O,l,,M—l)
e(ma O7pa> =1 (1 - 5m,0) eimpa ) (613)
2 .
d(m’ O,pa) — (1 _ ﬁ) ezmpa )

Then for m = 0 one reproduces the obvious answer

(oMY =y Zipmy gL (6.14)



For m > 0 the equal-time mean value is represented as follows:

n n a
(ol = % det,, [s + zr(”}

z=0 o
det [s + r(+)] —det, [5] ,

m >0, (6.15)
where matrix elements of N x N matrices s and r(*) are

om p) sin 2 (p, — pp)
Sab St (1—) — 2 (1= b)) e 6.16
T )tan%(pa — Dy (616)
1 im
7"1(1:) _ Mej([)a‘ﬂ’b) , (617)

Analogous representations are valid also for mean value <a(,"2)(t2)05r" 1)(t1)> v; as

(00 (1)o7 (1)), = (01 (12)o ™ (1)),

(6.18)

it is again considered in region m > 0, —oo < t = (ty —t1) < +00. In the time-dependent
case, one has

(n2) (5 \ (1) _ oam 9 (-)
(0" (t2)o\ (1)) = Mo dety [S+2RO)| =

Q2iht {detN [S+ R(_)] — det,, [S]} ;

m >0, (6.19)
where N x N matrix S is just

the same as in (6.3), (6.4) and the matrix elements of
N x N matrix R7) are given as

_ 1
R((lb) - Me—(m7tupa>e—(m7t7pb) )

(6.20)
function e_ being defined in (6.6). In the equal-time case, the obvious relations
m) _(m 1 1, .. N
(@l =5 = 50ty = 1 (6.21)
and
("o = (o) = (oo (n2 > ny) (6.22)
are reproduced.

So the determinant representations for time-dependent (and equal-time) normalized

mean values of products of operators o, o_ on the finite lattice are given.

To conclude this Section let us discuss the relation of the determinant representation

(6.15) for the equal-time normalized mean value of operators o, o_ to representation
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(3.2) for the normalized mean value of operator exp [@@(m)]. Due to formulae (2.18)
transforming the XX0 model to the free fermion model on a lattice, it is quite natural to
expect that equal-time correlator (6.15) could be expressed in terms of the first minors
of matrix M(m — 1) entering representation (3.2), with parameter « set equal to i.
In fact, as shown in the next Section, due to the possibility of introducing an arbitrary
parameter ¢ into the determinant representation of the form factors (see (5.17)), we can

also rewrite representation (6.15) as

n n 8 ~
(o"glm)y = p det {s + zr(+)] o m=ny—mng >0, (6.23)
with the same matrix ) (6.17) and
Sup = Sap + %e—%m(pa—pb) + %e%m(pa—pb) (6.24)

(the r.h.s. of (6.23) does not depend on arbitrary complex parameters ¢y, ¢z). Chosing,

e.g., 1 = cg = —1 one gets

(6.25)

_ in m=L _
§ab - (5ab [1 — 72(”7) 1)] — 2 St 2 (pa pb)

— (1 - ab .
M M ( ) sin %(pa — Dp)
which are exactly the matrix elements of matrix M(m—1) appearing in (3.2) after setting

o =T,

7 Derivation of Representations for Time Dependent
Mean Values of 0., 0_ on the Finite Lattice

In this Section representations (6.3) and (6.19) for the normalized mean values of opera-
tors o,0_ and o_o are proved. We begin with the normalized mean value (6.1) inserting
the complete set of states | ¥n,1({q})) between operators 0&”2)(152) and 0" (t,). Taking
into account the normalization (2.14) of eigenstates and representation (5.5) for form
factors (5.1)-(5.3), we readily get

N+1 N N+1

o) = g Lo [ =300 i o) =)

1

Fe{ah {p}) - (7.1)
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Here e(p) = —4cosp + 2h is the energy of quasiparticles and the sum is taken over all
the different sets of momenta {q} = ¢, ..., qy11 of intermediate states (similarly to the
summation in (4.6)). As the expression under the sum is symmetric under permutations
of ¢’s (being equal to zero whenever two of the ¢’s coincide), one can change the sum in
(7.1) for the sum over all the permitted values of each ¢,:

% —) N+1 Z q%:l (7.2)

where the sum over ¢,’s (a = 1,..., N 4+ 1) is to be understood as in (6.11):

S fa) =31 ((g),) (7.3)

and permitted values (q,), (the same for each ¢,) are given by (6.12).

Let us now use representation (5.12)

Foah () = S0 [T eot 5 a, —a)

Q
for one of the two form factors F,, in (7.1). As in (7.1) there is the sum over all the
¢.’s, and form factor F, ({q},{p}) is antisymmetrical under permutations of ¢,’s (a =
1,..., N+1), the sum over permutations @: (1,..., N+1) — (@1, ..., @n+1) can be written

as

N 1 N 1
S (D] cot 5@, —=pa) — (N +1)! I] cot 5 (G2 = Pa)
a=1 a=1

Q
without changing the Lh.s. of (7.1).

Now using representation (5.6)

Fullah ) = [14 ] deny ol

for the remaining factor F,, and taking into account that det, A(z) is a linear function

of z, one rewrites (7.1) as

N N
(0 (12)o™ (1) = exp [—W iy conm Zpb] |

b=1 b=1
9,
DD = exp [4it cos gy 11 + imagni1] + — ¢ -
q1 gN+1 az
det, U(z >rz:o , (7.4)
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where the N x N matrix U(z) is given as

Ulz) = u® _ Zy®
(2 Zu®,
uy = Lexp[4itcos.q + imqy) cotl(q — Da) cotl(q — D)
ab M2 a a ) a a 9 a )
1 . . . .
L{éz) = 7 exp [4it cos q, + 1mq,] exp [4it cos qni1 + imgn 1] -
1 1
- cot i(qa - pa) cot §(QN+1 - pb) : (75)

It should be noted that the rank of matrix 2/ is equal to one (all its rows are proportional
to each other); hence detU(2) is a linear function of z.
Let us consider now summation in ¢, , in (7.4). As det U(z = 0) does not contain

qx., (all the dependence on ¢, ,, is in matrix #?), one has

= g(m,t)det U(2)|,_, (7.6)

1
i > exp {42’1& CoS @y, + iquH} det U(2)

IN+1 2=0
with function g(m,t) defined in (6.7). On the other hand, using the fact that the rank

of matrix U@ is equal to one, we conclude that

> gzdetNU(z) = gzdetN [u“) — ;‘4&(2@ : (7.7)

dN+1

where matrix 4 is just the same as in (7.5) and

- 1 1
uﬁ’ = exp [4it cos q, + imq,| cot §(qa — pa) e(m,t, py) (7.8)

with function e(m, ¢, py) defined in (6.8). So the summation over ¢, ,, can be done “inside”
the determinant.

The summations over the remaining ¢,’s (a = 1,..., N) can be also reduced to the
summations of matrix elements of U(z), because momentum g, enters only the a'* row
of this matrix. Therefore one comes to the following expression:

N N
(0" ()™ (1)), = exp [—Qiht — 4it > cosp, — im Zpb] :
b=1 b=1

. [g(m,t) + gz} det {Z;l(l) — ZRH - (7.9)

z=
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with

- 1 1 1

L{é;) = — > explimg+ 4ditcosq| cot =(q — pa) cot =(qg — py), (7.10)
M2 < 2 2
1

Ry = Me(m,t,pa)e(m,t,pb) ) (7.11)

The diagonal elements of matrix (V) can be written as

~ 1
Z/{(gi) = (m7 t7pa) - Mg(m,t) ) (712)

with function d(m,t,p,) defined in (6.9). Taking into account the identity

1 1 1 1 1
Cot§(q—pa) cot§(q—pb)=cot§(pa—pb) Cot§(q—pa)—00t§(q—pb) -1,

off-diagonal elements of matrix ") turn out to be:

~ 1 1 1
(1)

tan L(n — n) t t,p —q t). 7.1

Z/[ab M tan ;(pa pb) [e(m, apa) e(m, , b)] Y (m, ) ( 3)

Let us now “insert” the exponential factor in the r.h.s. of (7.9) inside the determinant;

this means to multiply the a'* row by

m

exp [—Qpa — 2t cospa] ,

and the b column by
m ,
exp {—Qpb — 2it cospb] .
Taking into account definition (6.6) of functions e, e_, one comes just to representation
(6.3), which is thus proved.

It is to be mentioned that instead of representations (5.6) and (5.12) for the form

factors in (7.1), one can also use representation (5.17)

Fulla o)) = |1+ 5| deraenl.,

for one of them, and the form analogous to (5.12)

Folad Aph) = ST [eot (g — ) +

Q
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for the other one; here ¢;, ¢y are arbitrary complex constants; the answer, of course, does
not depend on ¢y, ¢o. This alternative procedure gives, instead of (6.3), the following

representation

(agrm)(h)a(_n”(tl))w = et lg(m,t) * 882'] '

- det, {3(01, ) — zRF) (¢4, Cg)} ‘220 : (7.14)

where matrix elements of N x N matrices S, R are

~ c c
Sap(C1,¢2) = Sap+ MleJr(m, t,pa)e_(m,t,py) + MQe,(m, t,pa)es(m,t, pp) +
—1
Clcjw g(m7t)e_(mat>pa)6—(m7tapb) ;
~ 1
R((l—;)_) (Cl? CQ) - M [6+ (m7 ta pa) + coe_ (m7 t7pa>g(m7 t)] '

. [6+ (m, t,pb) + cre— (m7 t, pb>g<m7 t)] ’

where Sy, = Sap(0,0) is given by (6.4). For t =ty —t; = 0 and m = ny — ny > 0 (since
then g(m,t = 0) = 0) one gets just representation (6.23) for the equal-time correlator.

Let us now consider the other normalized mean value:

) (g1 m) _ () [0 (t)0 (1) | U, ({p))
Rl = W (] [ ¥ (9] ’
m=ny—mny > 0; —00 <t=t —ty < +o00. (7.15)

Inserting the complete set of N — 1-particle states | ¥,,—1({q})) ({¢} = ¢1,...,q5_,) and

using representation (5.5) for the appearing form factors, one gets

1 N N—-1 N-1

(6" ()0 (1)), = ]\/ml{z;exp —im(zl:pa - le ) +z‘t(zlj e(pa) — 3 (b))
Fr ({ph{a)) - (7.16)

It is to be emphasized that now the number of external momenta p, (e = 1,...,N) is
larger than the number of intermediate (summed over) momenta ¢, (b = 1,..., N — 1);
hence the order of arguments in F, ({p}, {¢}). The sum over different sets {¢} in (7.16)
can be changed (analogously to (7.2)) to independent sums over all the permitted values

of each g,:
1

S — s T (7.17)

{qa} e qN-1
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Representing form factor F,_, ({p}, {q}) by means of (5.12),
N
FoapyAah) =22~ H an Ga) » (7.18)
Q a=1

(where the sum is now over permutations @: (1,...,N) — (Q1,...,Qy)) one represents

(7.16) as

<J(_ 2)(752)05r 1)(t1)>N = MEVI(N — 1)) exp |2iht — im ;pa - 4@13; cos(pa)
N—
Z P H pprPaam?t) . (719)
P7Q a=1

Here function S is introduced,

1 1
S(parirmst) = X explima + it cosg] cot (g — pa) cot 5 (g — )
q
S(ParPaym,t) = M?d(m,t,p,) — Mg(m,t), (7.20)
M
S(pa,pp,m,t) = —————  le(m,t,p,) — e(m,t, — Mg(m,t), ifa#b,
(ommt) = s lem ) — (. 1)) = My, 1 ;

with functions g, e, d defined in (6.7)-(6.9). The sum over P, @ in (7.19) is the sum over
all the permutations, P: (1,...,N) — (Py,...,Py) and Q: (1,...., N) — (Q1,...,Qn). It is
not difficult to notice that this sum is just the sum of all the first minors (multiplied by
(N —1)!) of N x N matrix S with matrix elements

Sab = S(pavplh m, t) ) (721)

and can therefore be represented in the form

N—
o .
S (—pirrlal H (Pg.,PQ,,m,t) = (N — 1)! —det,, [S + 2} (7.22)
PQ a=1 0z 2=0
Here all the elements of matrix Z are the same:
Zab = 2, (7.23)

(z is as usual a complex parameter) so that in fact det {S + 2} is a linear function of z.
Representing now the sums over permutations in (7.19) by means of (7.22) one easily

transform the representation obtained just to the form (6.19) which is hence proved.
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8 Correlators in the Thermodynamic Limit; the Case
of Zero Temperature

The most interesting from the physical point of view are correlators of the model in the
thermodynamical limit where the total number M of sites of the lattice goes to infinity,
M — oo. In this Section the thermodynamical limit at zero temperature is discussed,
correlators being defined as the normalized mean values of corresponding operators with
respect to the ground state of the model (see (1.10)).

The ground state | £2ys) for fixed magnetic field h (0 < h < h. = 2, see discussion
in Section 2) is obtained by filling with quasiparticles all the permitted vacancies with
momenta p, inside the Fermi zone, —kr < p, < kg, where kg is the Fermi momentum
(1.5) kp = arccos(h/2). In the thermodynamical limit the permitted values of momenta
corresponding to the ground state fill the whole interval [—kg, kr|, with the number of
quasiparticles in the ground state, N = Mk, /m, see (2.11), going to infinity. However,

density D = & = %F of quasiparticles in the ground state remains finite, the magnetiza-

tion (o,) being (see (2.15)):
(0.) = (™) =1-2D=1— 2kr (8.1)

™

Let us consider first the thermodynamical limit of generating functional (3.1)

(2| exp[aQ(m)] | )

I , (8.2)

{exp [aQ(m)]) =

where | Q) is the ground state in the limit: | Q) = limp .o | Qu), magnetic field h
being fixed. Taking the corresponding limit in formula (3.2) one comes to the following

representation for the generating functional:

(exp[aQ(m)]) = det(l +7A1)| (8.3)

=e~—1

In the r.h.s. there is the Fredholm determinant of linear integral operator M (m) acting
on functions f(p) on interval [—kp, kp| according to the rule:

kr

(9w = 5 [ da Mip.)fa) (5.4

™ J—k
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with kernel M (p, q) given as

Mp.q) = S0 85)

Operator I in (8.3) is the unit operator, with kernel 278(p — q).
To derive this representation one has to notice that N x N matrix M in (3.2) acts

on arbitrary N-component vector f, (a = 1,...,N) as follows

_ ym 7L sin G (pa — o)
(M<m)f)a - fa+ﬁfa+ﬂ l[%:l mfba
vy=e*—1. (8.6)

In the thermodynamical limit, due to (2.11), one should replace the sum by the integral

1 X 1 ke
—RF

a=1
coming just to (8.3) (the second term in the r.h.s. of (8.6) is included naturally to
operator M(m)). Let us also mention that for @ = —oco (y = —1) the generating
functional possesses a clear physical meaning giving the probability P(m) for all spins in
an interval of length m to be up in the ground state (i.e. that there are no quasiparticles
on this interval):

P(m) = (exp [aQ(m)])ae—oo = det(I — M) . (8.8)

Let us consider now the time-dependent correlator

g2 (m,t) = (o1 (tz)0l™) (11)) = — (8.9)

in the thermodynamical limit. Replacing sums over a (a = 1, ..., N) in formula (4.3) with
integrals over the Fermi zone, as in (8.7), and sum over all the particles j (j = 1,..., M)

as

M 1 s
Z —_— — dq, (810)
._ 21 J—n
7=1
one gets
1 kr ’
ggg)(m, t) = <‘7z>2 ) dp exp [imp + 4it cosp]| + (8.11)
™ —kp
1 [kr

T

dp exp [—imp — 4it cos p| / dq exp [imq + 4it cosq]| ,
F —T
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where m = mg —my, t =ty — t1, and (o,) is the magnetization (8.1); explicit expression
(1.2) for the energy, £(p) = —4 cos p+2h, has been taken into account. This last result has
already been obtained from a different procedure in [15]. In the equal-time case (¢ = 0),
the last integral is equal to zero for m # 0, while the other ones can be calculated

explicitly, reproducing the well known answer

s 02
(ool = (g,y2 — & S ke

R m=ny—mn; #0. (8.12)

Let us turn now to correlators of operators o, o_, considering first correlator (1.11)

(0 (1) ™ (1)) (8.13)

S
+3
5
Vc*
N—
If

where as usual m = ny — ny, t =ty — t1. Due to the relations
g (m,t) = ¢ (=m, 1) = [¢ (=m, —1)| ", (8.14)
it is sufficient to consider the region
m >0, t>0. (8.15)

The determinant representation for this correlator is obtained by performing the ther-
modynamical limit in representation (6.3) for finite number M of sites; the ground state
of the model at finite M should be taken as state | U ({p})) with respect to which the
mean value is taken in eq. (6.1), (6.3).

As shown in Appendix, functions g, e, d (6.7)-(6.9) entering the representation for
the finite lattice should be changed to functions G, E, D, respectively, in the thermody-

namical limit:

1 ™
G(m,t) = %/4 dq exp [imq + 4it cos ¢] =

= " (41), (8.16)

(Jm is a Bessel function)

E(m.t.p) — 1 /n I exp [imq + 4it cos q]1 — exp [imp + 4it cos p] _
2m o tan 5(q — p)
L[ ' 4it
= 77)/ dg eXp [qul+ 1t COS Q] ’ (8.17)
2w Jen tan 5(q¢ — p)
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and

2 0
D(m,t,p) = exp [imp + 4it cos p| + Ma—pE(m, t,p) . (8.18)

Then, in analogy with the derivation of formula (8.3) for generating functional (exp [aQ(m)]),

one obtains the representation for correlator gf )(m,t) (8.13) in the thermodynamical

limit in terms of the Fredholm determinant of a linear integral operator:

. a R R .
gV (m,t) = e [G(m, t)+ &z] det [1+V — 2R™]

z=0

= e {[G(m,t) — 1] det [I + V] +det [[+V - RO} (8.19)

where [ is again the identity operator, and linear operators V, R™ acting on functions
f(p) on segment [—kp, kr]

1 [kr

(V)W) = 5= daVip.a9)f(a),

21 J—kp

(RN 0 = o [ da R0 f0) (5.20)

possess kernels

Vig) = SO BB G p)E-(). (62

R (p.q) = Ei(p)E(q). (8.22)

Functions E,, E_, are defined analogously to e, e_ in (6.6):

E (p) = E_(m,t,p) = exp[—;mp — 2it cosp] ,
E+(p) = E+(m>tap) = E,(p)E(m,t,p) : (823)

It is to mention that the second term in the right hand side of expression (8.18) for
function D is included naturally to operator V.
Thus the representation for correlator gf ) (m,t) (8.13) is obtained.

Let us consider now correlator (1.12)
O (m, t) = (6" (t)o "™ (1)) . (8.24)
Again, due to the properties
g0 (m,t) = g0 (=m.t) = [¢V (=m, —-1)] ", (8.25)
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we consider it only in region m > 0, t > 0. Using expression (6.19) at finite M, one

derives the following representation in the thermodynamical limit:

§Omt) = MO det [[+V 42RO =
Q2iht {det [[ +V + R ] det [f—i— V” , (8.26)

where V is just the same linear operator as in representation (8.19) for correlator gf ),

see (8.21), and the kernel of operator R is
R (p,q) = E_(m,t,p) E_(m,t,q) . (8.27)
In the equal-time case (¢t = 0) functions G, E are calculated explicitly to be
G(m,0) = 0myo,
E(m,0) = i[l—dmole™, (8.28)
so that for equal time correlator gf ) (m, 0) one gets the representation (which is, of course,

the thermodynamical limit of representation (6.15)):

@ m) = (o) =
= Qﬂa[4ﬁ> 2] =
= det [I + o+ 7] —det [I+0] , (8.29)
where the kernels of operator o, #(*) (acting on interval [—kp, kp]) are
sin 3 (p — q)
v(p,q) = —2—2——= 8.30
(P, q) tanl(p—q)’ (8.30)

rpg) = exp | Do+ a)] (8:3)

This answer can also be put into the following form (see (6.25) and the discussion at

the end of Section 6):

0
gf)(m) a—det [[ + b 4 2+ )} , m>0, (8.32)
z
where operator 7#(*) is the same as in (8.31) and the kernel of operator  is
sin 52 (p — q)
Wo(p,q) = —2 2 , 8.33
o(p:9) sin 5(p — q) (8:33)

so that in fact the representation of correlator ggf) ) (m) involves the first Fredholm minors

of the same linear integral operator as in representation (8.3) of the generating functional

(exp [a@Q(m)]) at a = im (compare (8.33) and (8.5)).
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9 Correlators in the Thermodynamical Limit at Nonzero
Temperature

In this Section we consider the correlators at non-zero temperature (7" > 0) in the
thermodynamical limit. Temperature dependent correlation functions are defined in the
standard way (1.8). For some operator O, the temperature mean value (O).. is
Sp [e’%O}

For integrable systems, calculating mean values of this kind is rather simple [24]. From

(0) (9.1)

=

the practical point of view, one should only change the integration measure in the repre-

sentations of correlators obtained in the zero temperature case, namely,

[T — [ o). 9.2)

Here ¥(q) = 9(q, h,T) is the Fermi weight (1.6),
1 1

) = 1+ exp [8(‘1)} 1+ exp [w}

: (9.3)

describing the momenta distribution of particles at the thermodynamical equilibrium. Of
course, for the XX0 chain, which is equivalent to the free fermion model, this procedure
is quite obvious.

Taking this into account, it is straightforward to extend the representations of zero
temperature correlators to finite temperatures.

For the generating functional (exp [@@(m)]), one has (see (8.3)) the representation

in terms of the Fredholm determinant:

(exp [0QUm)), = det [T +30] | (9.4
where now My is an integral operator acting on functions f (p) on interval [—7, 7]:
(31rf) () = o [ da Mr(p. ) fa) (9.5)
with kernel Mr(p, q) obtained from kernel M (p,q) (8.5) as
M.(p,q) = M(p,q)9(q) = w 9(q) .
-7 <pg<m. (9.6)
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Since the similarity transformation,

M, (p,q) — \/9(p) M,(p,q) 50 (9.7)

does not change the value of the Fredholm determinant, one can rewrite representation

(9.4) as

(exp [aQ(m)]), = det [I + M| ]Fea_l (9.8)
where operator Mﬁs) possesses the symmetrical kernel
S Sin m(p — q)
MO (p,q) = \/9(p) =5 VI(a) - (9.9)

sin 3(p — q)
Consider now the time-dependent correlator of the third spin components. Represen-

tation (8.11) is rewritten for 7" > 0 as [15]

g (9.10)

/7T dp ¥(p) exp [imp + 4it cos p|

1 m m
+— (/ dp 9(p) exp [—imp — 4it cos p]> (/ dq exp [imq + 4it cos q]) .
w2 \Jor -

In the equal-time case, the known answer is reproduced:

2

n n 1
9D(m) = (oo), = (0.)F — —

| apip)en

Y

(m=ny —ny #0) (9.11)

i.e. the correlator is given by the square modulus of the Fourier transform of Fermi weight.

In (9.10), (9.11), (0,), is the magnetization at temperature T,

(0 =1-~ [T dgo(q). (9.12)

™J-m
with (o,), =0 at h = 0.
Let us now consider correlators of operators o, o_. For correlator (1.11) one gets

(see (8.19)) the following representation at 7' > 0

T n n
P mt) = (07 ()™ (1)), =

= 2kt [G(m, t) + SZ] det [f +Vp— zégﬁr)] (9.13)

2=0 B

= e 2 L[G(mt) — 1] det [T + V] + det [T + Vr — RF]}
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where function G(m,t) (8.16) is the same as in (8.19) and operators Vi and R(T+) (acting

on interval [—m, 7], see (9.5)) possess kernels

Ve(p,q) = Vip,9)¥(q),
R = R (p,q)d(q)

(9.14)

with functions V(p,q) and R™)(p,q) defined (for —7 < p,q < m) by formulae (8.21),

(8.22). Making similarity transform, as in (9.7), one rewrites (9.14) as

)

, o o R
gng)(ma t) = e 2t [G(m, t)+ E)z] det [[ + VT(S) _ ZR(;,S)}

z=

m>0,

where the kernels of operators are symmetrical,

() _ EEWEL(Q) — EIWELQ) 0 o gt T
Vo (pa) = wan 1o — q) G(m, ) EL (p) E* (q) .
R = EY(p)EY(q).,

T

and functions EZ(p) = EL(m,t,p) are defined as

EL(p) = /¥(p) Ex(p) ;

for functions E.(m,t,p) see (8.23).
For correlator g(_T)(m,t) (1.12) one has (see (8.26)):

(T)

gD m,t) = (" (t)o" (1)), =

.0 A R
= Mo det [1+V, + 2R

.0 PN N
2iht S -5
= e EP det [I + VT( ) + ZR(T )}

z=0

2=0

are
Ry (p.q) = RO (p.q) 9a)
(function R (p, q) was defined in (8.27)) and

R (p,q) = E~(p) EX(q)
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(9.16)

(9.17)

(9.18)

(9.19)

where V., VT(S) are the same operators (9.14), (9.16) and kernels of operators R(T_), _}?5,—75)

(9.20)

(9.21)



(for function E7 see (9.18)). So the representations for the temperature and time depen-
dent correlators are given.
In the equal-time case these representations acquire more explicit form; for correlator

gt (m,t =0) one gets

gim) = (o' Q)U(f”)% =
0
A(+)
= 3 det { Oy + 27 } o m >0, (9.22)

with operators 0., f(TH acting on interval [—m, 7|, their kernels being given (in the sym-

metrical form) as

sin 3 (p—q) \/r

p

. /7 sin 2
Ur (p, q) = 2 tan
[zm

P (pg) = \Ip) exp 2(p+q)} 0 (q) (9.23)

which is the generalization for the non-zero temperature case of representation (8.29).
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Appendix: Thermodynamical Limit for Functions g, e
and d.

Functions g(m,t), e(m,t,p,) and d(m,t,p,) on the finite lattice are defined by formulae
(6.7)-(6.9) as

1
glm,t) = % > exp [img + 4itcosq] , (A.1)
q
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exp [imq + 4it cos q
e(m, t; pa) = — Z tan L (q pa) ] s (A2)
_ exp zmq + 4it cos ¢
d<m) tapa) = M2 Z (q pa) : (AS)

The sums are taken over all M different permitted values (6.12) of momentum g,

> flg) = Zf(qy‘)y (A.4)

(see (6.11)). As permitted values of momenta p, never coincide with any g;, there are no
singularities in these finite sums, for finite M.
In the thermodynamical limit momenta g; fill the interval [—m, 7]. As ¢j11 —¢; = QM”,

(see (6.12)), one makes the following change:

1 1 g
— — — | dq. A5
M zq: 27 Lﬂ q ( )
For function g(m,t) the thermodynamical limit is obtained according to this rule as
1 i
g(m,t) — G(m,t) = 2—/ dq exp [imgq + 4it cos q| =
™ J—m
= "J,(4t), (A.6)

where J,, is a Bessel function.
For functions e, d, however, poles on the integration contour appear which should be
taken into account.
Let us first consider e(m,t,p,). As
Eq: (q Pa) 0 (A1)
(see (6.10), (6.12)), one can write for finite M instead of (A.1)

exp [imgq + 4it cos q] — exp [imp, + 4it cos p,)

e(m,t,p,) = , A8
mtp) = 2 tan 5(a - 1) A
so that in the thermodynamical limit we get
e(mvtapa) - E(matap) =
1 /7T 4o P [imq + 4it cos q] —exp [imp + 4itcosp]
oo )M tan 3(q — p) N
1 u ' 4qt
_ 15 qexp [zmq + 4it cos q] | (A.9)
2 Jx tan 1(q — p)
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where P means “Principal Value”, and p is some value of momentum in the interval
[—7, 7).

Analogously, using relation (A.7) and the following equality

S Al
Mzzsqu Pa) (4.10)

one writes for d(m,t,p,) for finite M:

d(m, t,pa) = exp [imp, + 4it cos p,] + (A.11)

Z exp [imq + 4it cos q] — exp [imp, + 4it cosp,) [1 + (im — 4it sin p,) sin(q — pa)]
sin® 5(¢ — pa)

The subtraction in the numerator is easily seen to be equivalent, for ¢ ~ p,, to the
subtraction of the first two terms in the expansion of exp [imgq + 4itcosq| at ¢ = p,,
so that the sum in (A.11) is nonsingular in the thermodynamical limit, and can be

represented as an ordinary integral:

d(m,t,pa) — D(m,t,p) = exp [imp + 4it cos p|] + (A.12)

/ da exp [imgq + 4it cos q] — exp [imp + 4it cosp| [1 + (im — 4itsin p)sin(q — p)]
sin’ 3(¢ — p) '

Finally, using the identity

o exp qu + 44t cos q]
% ey - L Lo [y -
Op (m,) ~op 27TP tan 3(q — p)
_ 9 (1 /W dlep [imq + 4it cos Q] — exp [imp + 4it COSP]) _ (A.13)
ap tan 3(q — p)

1 /7r exp [imq + 4it cos q| — exp [imp + 4it cos p| [1 + (im — 4itsin p)sin(q — p)]
dm J- sin” (g — p)

(see eq. (A.9) for the definition of F), one rewrites (A.12) as

d(matapa) — D(m7t7p):

20
= exp [imp + 4it cosp| + Ma—pE(m, t,p) . (A.14)

References

[1] M. Jimbo, T. Miwa, Y. Mori, M. Sato, Physica D1 (1980) 80;

37



[2] B.M. McCoy, J.H.H. Perk, R.E. Schrock. Nucl. Phys. B220 [FS 8] (1983) 35;
[3] A.R. Its, A.G. Izergin, V.E. Korepin. Phys.Lett. A141 (1989) 121;
[4] A.R. Its, A.G. Izergin, V.E. Korepin, Comm. Math. Phys. 129 (1990) 205;

[5] A.R.Its, A.G. Izergin, V.E. Korepin, N.A. Slavnov, Int. Jour. Mod. Phys. B4 (1990)
1003:

[6] A.R. Its, A.G. Izergin, V.E. Korepin, N.Ju. Novokshenov, Nucl. Phys. B340 (1990)
752;

[7] V.E. Korepin, A.G.Izergin, N.M. Bogoliubov, “Quantum Inverse Scattering Method,
Correlation Functions and Algebraic Bethe Ansatz” Cambridge University Press

(1992):

[8] A. Lenard, Jour. Math. Phys. 5 (1964) 930;

[9] A. Lenard, Jour. Math. Phys. 7 (1966) 1268;
[10] V.E. Korepin, N.A. Slavnov, Comm. Math. Phys. 136 (1991) 633;
[11] A.R. Its, A.G. Izergin, V.E. Korepin, Commun. Math. Phys. 130 (1990) 471;
[12] A.R. Its, A.G. Izergin, V.E. Korepin, Physica D53 (1991) 187;
[13] A.R. Its, A.G. Izergin, V.E. Korepin, G.G. Varzugin, Physica D54 (1992) 351;
[14] E. Lieb, T. Schultz, D. Mattis, Ann. Phys., 16 (1961) 407;
[15] T. Niemeijer, Physica 36 (1967) 377;
[16] B.M. McCoy, Phys. Rev. 173 (1968) 531;
[17] S. Katsura, T. Horiguchi, M.Suzuki, Physica 46 (1970) 67;
[18] M. D’Iorio, R.L. Armstrong, D.R. Taylor, Phys. Rev. B27 (1983) 1664;

[19] T. Tonegawa, Solid State Comm. 40 (1981) 983;

38



[20] J.H.H. Perk, H.W. Capel, Physica A89 (1977) 265;

[21] H. Itoyama, V.E. Korepin, H.B. Thacker, Preprint ITP-SB-90-92, SUNY, Stony
Brook;

[22] C.N Yang, C.P. Yang, Phys. Rev. 150 (1966) 321;
[23] P. Jordan, E. Wigner, Z. Phys. 47 (1928) 631,

[24] N.M. Bogoliubov, A.G. Izergin, V.E. Korepin, Lectures Notes in Physics 242 (1985)
220.

39



