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Abstract

As a prosecution of a preceeding paper, a canonical set of classical ob-
servables for the open Nambu string is determined. As a byproduct, a
local involutory set of constants of motion is found. This result is ob-
tained by determining a canonical transformation to a new set of vari-
ables, of which the constraints of the string are a subset. The Poincare’
algebra is analyzed in terms of the new variables.

1. Introduction.

The present paper is the natural prosecution of a previous paper of the same authors[1],
hereafter quoted as (I), on the study of the classical open Nambu string.

In (I) the many-time functional equations of motion of the open string have been stud-
ied, and their explicit solutions given. The aim of the present paper is to find a complete
canonical set of observables, that is a set of canonical variables in strong involution with
the constraints of the string. This allows in turn to find a new canonical basis, in which we
may recognize two canonical subset: one formed by the constraints and their conjugated
variables (gauge degrees of freedom) and the other corresponding to the physical degrees
of freedom.

It is worth stressing that this is not merely equivalent to the determination of the
Dirac brackets. The algebraic algorithm for the computation of the Dirac brackets|2]
doesn’t allow by itself the determination of the elementary canonical variables of the Dirac
symplectic structure. On the contrary, the complete set of these new canonical variables,
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that we will give in Section 3, is such that, in terms of them, the Dirac brackets are simply
the Poisson brackets restricted to the physical degrees of freedom (see for instance[3]).

Part of these new canonical variables are a generalization of the Del Giudice-Di
Vecchia-Fubini oscillators (DDF)[4].

Of course, the canonical set we find is local, since it is determined in one of the charts
discussed in (I). An equivalent canonical set could be given in another chart.

The discussion given in (I) is preliminary to the present work, as it is in particular
the knowledge of the "many-times”, that is the variables By, see Section 2, which make it
possible to guess the structure of the generalized D.D.F. oscillators.

We analyse the Poincaré algebra in terms of these new variables. We follow reference
[5] to exhibit the study the front form of the string dynamics.

The classical basis of the string quantum anomaly is found to be the non linear
realization of the Thomas spin.

We analyse a possible set of action angle variables, but the classical Casimirs of the
Poincare’ algebra still depend on the angle variables.Since the whole approach is local,
these variables are only locally defined.

Therefore we find a (infinite) canonical set of local constants of motion. Of course,
half of them are in involution among themselves. An involutory global set of constants
of motion of the string doesn’t seem to exist, due to the essentially local character of the
abelianization procedure. If an unvolutory global set of constants of motion does not exist,
all the Dirac brackets associated to our local canonical basis only exist locally in the chosen
chart. This would imply a kind of Gribov phenomenon for the string. In fact, the absence
of a global Dirac brackets structure is due to the absence of a global gauge fixing, as shown
in reference [6]. On the contrary, a non involutory global set of constants of motion has
been found in reference [7]: all these constants can be (locally) decomposed in our basis,
as it will be shown in a future paper.

The paper is organized as follows: in Section 2 some notation and some preliminary
result quoted from (I) are given.

In Section 3 the new set of canonical variables is explicitly shown. In Section 4 the
Poincaré algebra is given in terms of the new variables. Finally, the Appendix is devoted
to the comparison of the present approach with the covariant one.

2. The Canonical Description of the Open Nambu String.

We summarize in this Section some results of (I), to which we refer for more details.
The action of the open Nambu string[8] is (h = ¢ =1)

S = —N/: dr /07r do/—h(o,7), L=-Nv-—h, (2.1)

where N = %, and
TQ

—h=—det || hag ||= (& - 2')? — i*z'> > 0, (2.2)
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and where —h > 0 means that the surface swept by the string in the spacetime is ev-
erywhere time-like or null (i.e. it is a causal surface)[9]. The strip 0 < o < 7 is mapped
in the world-sheet spanned by the string in D-dimensional Minkowski space, (with signa-
ture (4, —, ..., —)) by the string. The world-sheet is described be the coordinates z* (o, 7).
hap(o,7) is the induced metric.

We will not discuss here the boundary conditions, which has been carefully analyzed

2 -z
I hos =] dua"sa, H:(. , ) 60,1, - (2.3)

T T T

in (I).
The canonical momenta are given by
oL N 2
P'u = — = r - ! s — 275 24
(o,7) Fin(on7) _h((x )z x'Tih); (2.4)

They satisfy the identities

xi(0,7) = P*(0,7) + N*¢"*(0,7) =
{XZ(U,T):<P(U,T)~;C/( 7)) = 0. (2.5)

In order to define a Poisson structure in the phase-space, we use the following extension
of the canonical variables from the interval 0 < o < 7 to the whole real axis:

{ (o,7) = (-0, 7) = 2" (0 + 207, 7), (2.6)

PH(o,T) = PH(—0,7) = P"(0 + 2nm, T),

where n is an integer.
Following reference [2] we introduce an even and odd delta function with period 27:

1 o : : ,
_ in(c—ac’) —in(o+o’)\ _
Ai 271' ; ( +e >
= Z (0(c — o' +2n7) £6(0c + o' + 2n7)) — 6(0 — '), for 0,0’ € (0,7),
B (2.7)
with the following properties
(A (0,0')=A (—0,0")=A,(0',0) = Ay(0+ 2nm,0'),
(2.8)

Aa_(a,a’):— (80,0’) _(o’,0) =A_(0+ 2nm,0'),
o AL(0,0) = o Ao,
\f;dd’f(U')Ai(U»U) flo) £ f(—o).

To complete the Hamiltonian description we then introduce the following Poisson
structure (np** = (1;—1,—1,—1)):

{z"(o,7),P"(0',7)} = —n*"" A (0,0') — —n'6(c—0o'), for o0 € (0,7). (2.9)



The set of identity (2.5) are now constraints on the phase-space:

P?(0) + N?2'%(0) =~ 0,

{ P(o) - 2/(0) ~ 0. (2.10)
Let’s define the following variables
AH 1 I 1K 9 w

:E(U7 T) = A:F(_Uv T) =P (Ua T) + Nz (0-7 T) = %Bﬂ:(o—? 7-)7 (211)
BY(o,7) = =B (~0,1). (2.12)

With this definition, the constraints (2.10) becomes
Xﬂ:(0> = X:F(_U) = Xl(o-a 7—) + 2NX2(U7 7-) = Aj:(o-) ~ 07 (213)

with the following algebra:
{x£(o1,7),xx(02,7)} = F2N (X2 (01, 7) + Xxx(02,7)) - (A4 (01,02) + A'_(01,02)),

{x+(01,7),x=(02,7)} = =2N (x4 (01, 7) + X—(02,7)) - (A4 (01,02) = A'_(01,02)).
(2.14)
Therefore the constraints are 1¢"-class, but they are in weak involution; this implies
that the classical many-times equations of motion are not integrable as they stand. A set
of 1*P-class constraints in strong involution are needed.
One possible solution of the constraint makes use of lightcone variables; of course
other solutions are possible. In terms of the following lightcone variables

1 _
A_:N:'— (07 7_) = E (AE)I: (0-7 T) + Ag 1(07 T)) )
1 by (2.15)
Ai(o,7) = 7z (AL(o,7) — AL (0,7))
with the Lorentz indices now running over y = +,1,2, ..., D — 2, —, we may define the new
constraints
xelom) A% (o,7) | .
, Al (o,T) — ~ 0, f AT (o, 0, 2.16

where A2 = (A1)2 4 .. + (4P~2)2,

In equation (2.16) it is assumed that AL don’t vanish; otherwise, as fully discussed in
(I), another chart must be used.

Thus our constraints are only weakly Poincaré invariant and are only locally defined,
in those regions of the constraints manifold x4 (o,7) ~ 0 where the denominators don’t
vanish. But they are now in strong involution:

{X£(0,7),X£(0', )} =0 (2.17)
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As a first step toward the new canonical basis, a new set of center-of-mass and relative
coordinates is introduced. The center-of-mass coordinates of the string are

1 7T
XH(T) = %/ doz*(o,T),

1 /7 (2.18)
PH = 5/ doP* (o, 1),
where P* is the conserved generator of the space-time translations.
Let us introduce the following relative coordinates
y“(o,7) = —a'(0,7) = —y*(—0,7),
P(o,7) = [y do'Pr(c’, T) — Ipr= —PH(—0o,7) = P*(0 + 2nm,7), (2.19)
™
with the following properties
[T _doy*(o,7) = [T _doPH(o,T) =0,
(2.20)

PH(0) =PH(xm) =0 — ["_doP""(o,7) = 0.

It may be checked that the coordinates (2.18) and (2.19) constitute a basis of canonical

variables
{XH, PV} = —nhv,

(2.21)
{yu (07 T)? PV<U/> T)} = -—n"A_ (Ja Ul)?
with all the other Poisson brackets vanishing.
The inverse transformation is
(o, ) = XH (T —|——/ dal/ doyyt (o2, T) — / dooy (o2, 7),
(2.22)

Pt(o,T) = —P“ +P"*(0,7).

The variables A/ (o,7) and B (o, 7) are expressed in terms of the new canonical set

b 1 0
A'u = — PH "W Ny# - 5 BM
Y(o,T) 7 + P'H(o,7) F Ny*(o, 1) % K (o, 1), (2.23)
BY (o,7) = =P* + PH(o,7) = Nat (o, 7).
T

It is possible to express the original set x# (o, 7) and P*(o,7) in term of these variables:

(2.24)



These are useful relations since the many-time functional equations of motion are most
easily solved in terms of the variables A% (¢), B! (c), as shown in (I), where the explicit
solutions are given. Actually the B (o, 7) turn out to be the generalization to an arbitrary
gauge of the quantities 7 + o of the o.g. Moreover, the variables A% (o, 7) and BY (o, 7) are
of interest, since, as it will be shown in the next Section, it is possible to give in terms of
them a generalization of the Del Giudice-Di Vecchia-Fubini oscillators [4] to an arbitrary
gauge.

In the orthonormal gauge, with the usual boundary conditions

2'"(0,7) = 2'*(m,T) = 0, (2.25)

to fix completely the gauge one usually adds the following gauge-fixing constraints (trans-
verse light-cone gauge)

p+
¢1(o,7) =at(o,7) — ¢" — T ~ 0,
P+ N (2.26)
¢2(0,7) = Pt (o,7) — — ~0
The solution is well known:
1
(o, 1) = 5 Q' (t+ o)+ Q¥ (Tt — o), (2.27)

where Q*(7) is the coordinate of the end point o = 0 of the string, and is given by

Q"(r) = 2(0,7) = ¢" + %T + (), (2.98)
where )
FA(r) = ;N ;o ale™MT = fh(r 4+ 2NT), (2.29)

and, from the constraints,

P d 2
—_fK = =7+o0. 2.
(27rN+duf (u)) 0, u=T=+o (2.30)

The quantities ¢" and a¥ are constants of motion.
The DDF oscillators are given in this gauge by

v _ [N [T dQ(0) gt
A, = 5 /ﬁda o © . (2.31)

The usual o.g. case is completely defined by the additional requirement f*(u)=0.
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As shown in (I), in the o.g. case the variables B (o) reduce to

0.9. Pt
Bf(o) 22~ 4+ N¢"+ —(r+o0) = +NQT (1 +0). (2.32)

As we will see in the following, this point is crucial as a guide to the construction of the
generalization of the DDF oscillators to an arbitrary gauge.

3. The Observables

and the Canonical Transformation.

Let us now look for a local set of observables with respect to the first class constraints
X+ in the (o, 7) region where there are defined.

First of all we shall introduce the generalization to an arbitrary gauge of the Del
Giudice-Di Vecchia-Fubini (DDF) oscillators [4], which commute with the Virasoro gener-
ators L, in the orthonormal gauge. They are the transverse part of the following objects:

AM(’T) = ’?’L’Oz” = 1 fﬂ- do’AH (O' 7—) exp +7w M n=-=+1.4+2
§ " VArN TR "ONPT |’ S
A ™ doAt (o,7) = -2
= o 0,T) = ,
07 VagN I E JrN
(3.1)

where w, = 2rNn and P* # 0. In the orthonormal gauge (2.26), remembering equations
(2.32):
dQ* (T £ o)

dit+o0) ’

i) 3 [ D) oy 10,2 L2

1
NBi(a, T) — Q" (1 + o), Al (o,7) = N

we get:

d@ Q* (o) o
u
_DDF

L A G2 o
owing to the 2m-periodicity.

Moreover we have:

(9BJr (o, 7') B (o,7)
+ Byl )
An (7’ \/F o —F———— ¢eXp anW = O, n 7é O, (33)

owing to the fact that B (w) — BL(—n) = 2P% (see equations (2.23)), so that A, =
AY — A3 This property, together with equations (2.8), is crucial to verify that:

{Au(r), %207} =0,

Wy,

[47(0), 2s(o) ) =~ exp

Bf(o,7) (3.4)

W 'Xi(O',T)%O.

+iwn




The A¥ satisfy the following Poisson brackets:

TN
[AL ALY = 0 S+~ [m" 40" AL =+ )AL (35)
so that:
{A2, A} = —ing™6, .y = forn,m >0 {ag,a’,} =—i6"0m,
a — > 7TN a
{An7Am} =1 P+ nAn—i—m? (36)

_ VTN
{An ) Am} = Z?An—i—m(m - n)

Therefore the generalized DDF oscillators ffn(T) are strong observables, they also
commute with the original constraints (2.13). Conversely, the A, (7) are only weak ob-
servables and at the classical level they are not independent quantities, because of the
constraints Y4+ ~ 0. We have

A (1) =/ |n|a, = \/;'?Un = \/;T? (i}n + U;) A gﬁn, (3.7)
where
Ly (7) :21;—;[ _7; dox+(o,T)exp iiwn%
:i—: miz: Lon(7) /_7; do%exp iiwn% ~0,  (3.8)
U (1) :% _7; U% exp iiwn% (3.9)

The L, (7) can be called the generalized Virasoro generators. In equation (3.8) we have
used the standard definition of the Virasoro generators L, (7). In the o.g. (2.26), using

equation (2.32), we get
- iw pPtr
L,=1L, = + .
P [2P+ (q I )]

The U, , L,, f]n_ satisfy the Virasoro algebra
{DnDp,} =i(m —n)Dypyin, D,=U, ,L, U~ (3.10)
and .
Un_,Lm} 0,

{
{ ~n_’ EM} =i(m — n)im+na (3.11)
{



The inversion formula of equations (3.1) is

AL(o,7) Bf(o,71)
AP =4 N Ailo,7) E: Ak (7 oy L
tov7) T2t 2o T)exp | Fivn = oo
- X (3.12)
Ai o,7T) . Bi(o,T)
VAN R_Z_OOA T | in P |

5 1 +oo . .
n (T) = 5 m_z_oo An—m Am =
1 TN
1 o
- 27TN P an +’n12>0 \% wmwn+man+m a—m + = Z Vwmwn mOZn m am] .
(3.13)
Then, using equations (3.1), (3.3), (3.7), (3.13), we get
~ Pt -
(1) =—"—
1 X
At A 7 >
=40 A =3 D Anm - A = (3.14)

“+o0
> AL AL

m=—0o0

While at the classical level Un_ is a dependent quantity, at the quantum level, with D =
4, the A, become the independent longitudinal Brower modes of the no-ghost theorem in
the covariant quantization approach[10-13]. See Appendix A for the relationship between
the oscillators A% and the covariant oscillators a¥.

Since we already got the transverse oscillators observables A, (1) = 1/[n|d,, we now
only need to find 6 observables for the center-of-mass of the string. Three of them are P,
P. Their conjugate observable variables, Z~ Z are:

o B 1 at(o,7) [ A%(0,7) A% (o,7)
Z(r) = X(1) - —ﬂd(’{ ; ><2At<a,T>+2A+i<w>) ’

< _ Pt(o,7) (fP_(a, 7  A(o7) )} (3.15)
2N 24 (0,7)  24%(o,7T) 7

\ Z(T) = X1 (r) - ”% f:r do [m+(cr T)P ( 7) — (o, 7)P*t (o, 7')] )
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The so defined quantities are effectively observables, since it can be checked that:

{Z7(7), Xe(0.7)} = {Z(T),fci(m T)} =0. (3.16)

Besides, the non vanishing Poisson brackets among these 6 observables are

{Z-, Pt} =1,
{ {Z*, Pt} = 5, a,b=1,2. (3.17)

We can now define a canonical transformation from the variables x*(o, 1), P*(o,T)
to a new canonical basis adapted to the multitemporal approach of the previous Section.
This new base should be an appropriate starting point of departure toward the construction
of Dirac brackets [2] associated to gauge-fixing constraints like those of equations (2.26).
This kind of canonical transformation for a system with first class constraints [3] generates
new canonical variables divided into two sets. In one set, half of the canonical variables
are functions of the first class constraints, hence vanishing on the manifold defined by the
constraints in the phase-space, while the other half constitute a possible choice of the gauge
degrees of freedom of the theory. In the second set we have those observables which have
vanishing Poisson brackets with the chosen gauge degrees of freedom. The gauge sector of
the new variables is composed by

{ Y~ (o,7) = % (X-(0,7) = X+(0,7)), (3.18)

{ xt(o,7),
1 (3.19)

1= (07 7_) = 5 ()NC—(O-a T) + )2%—(07 T)) .

If we separate II™ (o, 7) in its center-of-mass and relative part:

(o, 7) = Eot(T) +E (0, 7), (3.20)

T rel

where .
‘Etot = 5 ffﬂ_ dO']:[_(O')7
o

: (3.21)
B =y do'lI™(0") — ;Et_ot'

rel —

we may replace x ™ (o, 1), II” (0, 7) with the new gauge variables

{XWT),

Etot (7'),

{ y*(o,7), (3.22)

= o,7).
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The constraints Y+ &~ 0 are equivalent to Y~ (o,7) =~ 0, I (o,7) = 0 (or Z;,(7) =~ 0,
= (o,7)=0). o
The sector of the observables is composed by the &,,, PT, Z—, P, Z. It is only a
matter of calculation to verify that the non-vanishing Poisson brackets are
{Y7(0-7 7-)7 P+(UI7 T)} = _A*(O-v 0'/),
{zF(o,7), 11" (¢/,7)} = —Ai(0,0"),

{XT(7). Bau(m)} = -1,

{y7(0,7),E (0, 7)} = —A_(0,0"), (3.23)
{a o’} = =6, a,b=1,2,

(2=,P+) =1,

{Z°, P’} = 6,4, a,b=1,2.

With some calculation, it is possible to find the inverse canonical transformation,
which is defined by the following expressions:

z¥(o,7);
_ _ Pt(o,7) [ = = oL
P~ (o,7) =1 (0,7) + —Spiz <P2 + anan . a_n> +
n=1
N <= | ( AL(o,7)  Bi(o,7)|  Al(o7)
Pt £ opt O\ TN 2P+
. Bi(o7)|\ fo [ Af(oT)  Bi(o,7)
eXPp | iwn — )Un +<2PTexp +iwny, SN PF
At (o,7) . B (o,7) ~ |
opt P [T e | | Ve
+ . oo
x (o,7)=2Z" + % <P2 + ;wn&n : 52n> +
1 T o1 o
+ — dal/ dO’QY_(O'Q,T)—/ doyY ™ (o9, 7)+ (3.24)
2m ) 4 0 0
? > 1 B—|—(O-77-) . Bj(‘j?T) T —
—|—2P+nz_:1—[<exp [—zwn SN T | TP [y o (T) +
BT + -
— <exp —iwy, 2_]\53;’:) + exp |iwy, 24}\;(;:) ) U__n(T)] ;
Pt (o,7) = + P (o,7);
Z(o,7)=Z(1) + Jar (o,7)+
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+ +
exp | —iwp Bilo,7) (0,7) | + expliwy, Bolo,7) (0,7)
2N P+ 2N P+

B{(0,7) : (3.24)

+ exp Mn—ZNPJF

B{(o,7)
2N P+

Wy,

where U, is given by equation (3.13) and AT, B are expressed in terms of Pt, Pt (o, 1),
xt (o, 7) in equations (2.23).

It is also possible to write the results of equations (3.24) in a more compact form
through the use of the generalized DDF oscillators; we obtain:

xﬂ(m)zzwwgm o
Ap(r - Bi(o,7)
2\/_ Z n (eXp [_M” NP

o a1 o o (3.25)
+(77'u‘ —|—77“‘ ) %/ dO']_/ dU2Y (O'Q,T)—/ dO'QY (0'2,7')—{—
— 0 0

)t

BT (a,7)
NP+

W,

i La(7) . B(o,7)
_ SPT nzséo - (exp [—zwn INPT + exp

and

B_,Jf(a, T)

2N P+

pr At (o,
PH(o,T) :EPJF(J T)+ V7 Z AB(T (# exp [—iwn

n#0
AL (o,7) . Bf(o,71)
—2P+ exp an—QNP+ +
_ Pt(o,7)__ TN -
+ (" +9?) | I (o, 7) — —pr ST~ pr > Ln(r)- (3.26)
n#0
AL (o,7) . Bf(o,7)| Af(o,7) . BX(o,7)
\ Topr P | TN P opt P TN P ’




where P~ is given by

L (paSsva g )iz
P :ﬁ (P + Z:lw'nan : an) + ‘:‘tOt*(T) o
n= (3.27)
1 =) - 1 A =
=357 (P + QFN;An : A_n) + Ztor— (1),
and

The canonical transformation (3.23) and its inverse (3.24) could have been obtained
also starting from another set of constraints, similar to x4 of equation (2.16), but with
AL in place of AL. These constraints were called )th_) in (I). This is to show that in the
overlap region where Ai # 0, AL # 0 we can go from the basis for Y+ to the basis for

(=)

X =~ Wwith a canonical transformation.

4. The Poincaré Generators.

Let us start the discussion of the Poincare’ algebra in D = 4 space time dimensions.
We will discuss the general case in the following of this Section.

The invariance of the action (2.1) under the Poincaré transformations implies the
conservation of the following ten quantities:

1 ™
pt :5/ doP*(o,T)

1 T

JW:—/ do [z (o, 7)P" (0,7) — 2" (0, 7) P"(0,
2] o [z"(o,7)P"(0,7) — 2" (0,7)P"(0,T)] (4.1)
—LM 4 GH =

=XH*(r)P" — XV (1)P" + % /

do [Y“(U, T)PY(0o,7) — YV (0, 7)P* (0, 7')]
which satisfy the usual Poincaré algebra.

Due to the constraints, the components ST~ and S~ of S*¥ are not independent
from the others, so that there are only 3 degrees of freedom for the spin.

In the light-cone basis (see Appendix B of reference[14]) these constants of motion
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take the form

1
P~ :5(P0—P3), pt=p°4 p3 pe, a=1,2;
a —a 1 ab 71b a a a
EY =J :—5(6 J°+ N*) = E} + E§,
1 1
where: FEf =L"°%= —§(eabLb + N7, E¢=5"= —i(eabSb + Ng);
1
F :J+a — _i(eab']b - Na) — Fg +Fg,
where : F& = L% = (e?Lb — N9), F& =81 = (208 — N&);
1
J3 :J12:L3+S3, Jazeab(Eb_ng);
1
N? =J*= = J*° = N} 4+ Ng, N® = —(E" + 5 F)
(4.2)
and the Poincaré algebra is:
{J3,E“} :eabEb, {N3,P+} = PT, {J3,P“} = e pb,
{J?’,Fa} — Eabe’ {Ea,P+} — _Pcc7 {Ea Pb} _ 5abP_
(N3, B9} = —E°, (N3P~} =P, {Fa pbY = —gebpt,
{N3,F“} = F°, {Fa,P*} = —P°, {Ea,Fb} =3 — (5“bN3.

(4.3)
After a long calculation the generators (4.2) expressed in terms of the new canonical
basis are found to be:

1 — 1 (5~ .
P 2P+ <P2+Zu)nan Oé_ )+:t0t(T) = F <P2+anan~a_n>
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b Pb —
=€ {__X+(T):tot(7) + Pt

—T

0o T o . Bl(em) T o ) BT (0,7)
: a == —iwn—hee— _ _a —iwn
+1 E an/ do=,_,(o,7) 55 € 2NP a_n/ do=,_,(o,7) 55 € 2NP

—T — T

0 /LN ™ . B::__(O',T) ™ ) Bt(o‘,r)
+ E — Osz/ doY ~(o,7)e” " anpF —f—oﬁn/ doY ~(o,7)e “n Nt | &

_ a ZCL q2 > = = 27TZN _
~ Z P — ZPﬁ <P —|— anan . Oé_n> — Z ,_an n _n — _nUn .

The last term in E“, trilinear in the &,, coincides with the analogous term in J~¢,
which engenders the conditions D = 26 and ay = 1 in the non-covariant quantization of
the string 10. So we find the usual results, but now we are able to disentangle their inner
reason.

Let us remark that the expressions for N3 and F'® confirm equations (3.15). Moreover,
if we remember that Zt =0, A = 0 (see equations (3.28) and (3.3)) for n # 0, equations
(4.4) imply

AR (T)AY
v = o) P~ 2oy iy DA G (4.5)
n#0 n
where
0
- I — ,
X (7)Eor (1) + 5/ do [Y+(U= T)‘:rel(07 7) =Y (o, T)P+(Ua T)]
pe o z A (T (1)
~prt (7)o (T Pt Z +
n#0
= 1 A2 ” B
+ : to,—t(’r)ﬁ n;T) /_7r doe " anPF
BT (o,7) 7r 9 BT (0,7)
_ZZ \/_ Aa )/ da“rel(g 7—)8 € ron eNPY _A(i ( )/—77 da"—‘rel(a T)%e ron 2N Pt
i IN 1 Bt (o,7) ™ Bt (o,7)
—5\/?725 Al /_deY (o,7)e " 2npPF +Ai()/_ﬁdaY (o,7)e " 2npF
1

+

iv/aN AV (1)L _,(7)

—_— + o, T
o Z‘:‘tot(T)lAzr)L(T) /TF dO’B ’I,L(Jn%_*_
oaTN n w o
B:::(U,T)

Ab )/ da“rel(g T)%eiamw — Ab_n(T)/ dO'\_irel(O‘ 7)%€iw7lw

J”Z\/—
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™ . Bi(o‘,r) e ‘ Bt(O',T)
AZ(T)/ doY ™ (o,7)e " anpT —I-Ab_n(T)/ dUY_(U,T)e_W”W]}

—T

i [N <=1
*5\/;;15

From equations (4.4) we get the mass Poincaré Casimir

o oo
P? = wndy Gy + 2P, (T) Y wndy - Gy >0, (4.7)
n=1

n=1

so that P? = 0 if the oscillatory modes &,, are not excited.
Following reference [14], the Pauli-Lubansky 4-vector has the form

1 SR o o o
WH =2 PP, Sy = (P-S;P'S+ P x Ng) =

1 1
:((§P+ — P7)S3 + e’ PYEY — §Fg); e®(PYE% — P~ F5 + P°N3), (4.8)

1 1
(§P+ + P7)S3 — e PY(EY + 5 g)).

When P? > 0 we have the other Poincaré Casimir

]. —
W? = —§P2SWSW — P"S,, 8"’ P, = —P?S*(P), (4.9)
where S(P) is the Thomas spin. To find S(P), let us introduce the boost L¥ (P, P) [14]
from the rest frame P* = nv/P2(1;0), n = signP?, to the general frame P* = L* (P, P)P".
Then we define the rest frame Pauli-Lubansky vector:

= = = = ﬁ' § P —
WH(P) :(0; nv PQS(P)> = WH = (P -S(P);nVP2S(P) + #P>
PO + 7\ /P2
W, =W, L",(P, P). (4.10)
Following reference[15], let us define a new spin vector S
+ poa R /P2 P+ \/P2 o5 o
sV =3 v __pb =TV g3(pyy R P-S(P),
P+ P+ P+ P+(%P++P—+n,/P2)
1 P
L — “o___WT) = =1,2
y nv P2 (W P ) (@=12)
o 1 ab + b — b baT3 a 3 cd pe d _
- [e (P EY— P Fi+ P N5> F (S S FS> - (4.11)

__Qa _Pa 3 ﬁg(P)
=§°(P) ~ b (s Pt o o @)
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We have S? = §2(P), and S = S(P) in the rest frame where P* = P2 = P3 = (.
From the algebra of the Pauli-Lubansky vector

{W”, W”} = PP, W, {W“,P”} — 0,

we get
{Si,sj} = €IkSP, i3,k =1,2,3; (4.12)
while from equation (4.11) we get

Eab
P+

a P_
Eg = ﬁNg -

(n\/ﬁsb + Pb83), (4.13)
that is, £¢ may be written in terms of g, F&, N3.

As we are using the front form of the dynamics[16], only three of the Poincaré gener-
ators are dynamical, i.e. P~, E®. The other seven, P+, P, N3, N%, J3 are kinematical as
they constitute the stability group of the null plane x* = 0 (and act transitively on the half
space PT > 0). P~ translates this plane keeping it parallel to itself, while the E® rotate it
around the light-cone to which it is tangent. As shown in reference[17], instead of the three
dynamical Hamiltonians P~, E® one may consider as basic the U(2) dynamical algebra

generated by M = nv P2, Q? , with {M , 5 } = 0. (3 is also contained in the kinematical

generator J3 and is a Casimir of the stability group called null-plane helicity [17].
By using equation (4.5) we get

1 An A—na
W = Sero Py {ZPT + Gol.- (4.14)

If we remember equations (4.11) we then get

Al A2
83 — nn—n + PI(GQO + Gl) _ PQ(GIO _ GQ),
a 1 PTeabAL A~ + P*ALA?
S —n\/ﬁ{—z - + (4.15)
a aj ] pe
L POGa 4wk piGRO _ ﬁ[lﬂ (GQO n Gl) _ p2 (G10 _ G2>] }

By looking at equations (4.4) and by using equations (3.7) to connect A- and U,
we see that, modulo the constraints, S is the spin with respect to the observable center of
mass (Z~,Z). In the rest frame ¢ = S(P). Since the string is described by a numerable
set of bidimensional oscillators all lying in the same plane, to build a tridimensional spin
like S (or S(P)), needed for W2 = —P28§%(P) = —P252, we necessarily must have S*, S2
realized in a non-linear way: S is bilinear in the &,, while S® contains trilinear terms.
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It can be checked that this non-linearity is at the basis of the string model’s quantum
anomaly: {S 1,52} = 1S3 is not preserved after quantization, due to ordering problems.

When P? > 0 and D > 4 the previous construction S does not work because WH
is not defined any more. The Lorentz group is now O(D — 1,1) and equations (4.1)-
(4.3) are still valid with 3 — D — 1. The Thomas spin S(P) and S are replaced by the
generators S%(P) and 8Y, i,j = 1,2, ..., D — 1, of the little group SO(D — 1) of P? > 0:
the generators S, a,b = 1,2,..., D — 2 of the SO(D — 2) built with the oscillators a2 (1),
(see 83 in equation (4.15)) are bilinear in them; the remaining generators S*P~1 will
contain trilinear terms. The form of S“P~1 may be extracted from equation (4.13) in D
dimension given the previous S°

P~
Es= 53 ls -

po
57 — N2~ 1+—(n\/ p28®P=1 _ gabpby (4.16)

P+
See reference[18] for related problems and for the Lorentz covariance properties of the
transverse oscillators. When D = 26 for some non trivial reason the algebra of this non-
linearly realized SO(25) is preserved by quantization. Another problem with quantization
is that P2 > 0, P° > 0 requires PT > 0, and as it is shown in reference [19], there is no
self-adjoint operator satisfying all the properties of Z~, so that the longitudinal observable
position coordinate Z~ has no quantum counterpart.

When P? = 0 a similar analysis may be performed (now WH* o« P*Y, where ¥ =
WO/PO is the helicity). We only notice that when P > 0 the reference frame is P* =

w(1;0,0,1): here P~ = P =0. But these are the conditions for some of the Patrascioiu
modes [20]: they are the massless longitudinal modes when all the oscillators are at rest.

As a final remark let us introduce the action angle variables for the oscillators @,, to
see how P%2, W? = —P2§2, S3 depend from them when P? > 0 and the constrains are put
equal to zero. Let us first go to a circular basis

bn(:l:) = (0471I + ’L'Ozi), b—n(:l:) = (bn(i))*, n > O,

-

{Bieys bz } = ~ G, (4.17)

so that we get for the occupation numbers

2 2
Ny, = Z NfL = Z(a%ain) = Nn(+) + Nn(—) = bn(+)b—n(+) + bn(—)b—n(—)' (418)

a=1 a=1

In terms of the circular oscillators we have

n=1 n=1
S3 —jeb Z Ozf’LOzb_n = Z[Nn(_) - Nn(+)]. (419)
n=1 n=1
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The action-angle variable for the circular oscillators are

by = —ie " Ty = (bon)",

Ity = Nu),
bn(x) +0n(x)

sin (bn(:l:) = - , n >0, (4.20)
) b4y — b_p,
COS Py (4) = (%) (i), n >0,
2 L)
{On(x): Im(t) } = Onm-
In terms of them we get
P2 — Z Wn[ln(+) + In(,)],
n=1
S = Z[In(—) - In(—|—)]= (421)
n=1

W2 = —P28% = f(Iy(+), Pn(s))-

Therefore W? still depends upon the angles even if {W2,83} = {WQ, PQ} =0, due
t0 Wnt+m = Wy, +wp,. This is due to the already quoted fact that in the front form dynamic
we have three Hamiltonians (P?, S!, §?) and not only one. Oppositely to the case of a
non-relativistic completely integrable system[21], the variables (4.20) do not allow to ex-
press P2, W2, 83 in terms of a denumerable set of canonical variables in involution. Here
this means that by quantizing the variables (4.20) we would not get the reducible Poincaré
representation associated to the string model decomposed according to its irreducible com-
ponents. In D = 26 equations (4.21) should be replaced by a complete set of commuting
Casimirs of O(D — 1,1). See reference[22] for the difficulties in counting the spin levels
lying on each mass level, not being able to decompose the Poincaré representation in a
general way.

In conclusion, we have seen that it is possible to find a set of (infinite) constants of
motion, which are in involution among themselves, but which are only locally defined,
since we found them in a given chart of the phase- space manifold.

In reference [7], an (infinite) set of constants of motion has been found. These last
are not in involution, contrary to the set found here (half of the new canonical variables).
These new constants can be decomposed in our canonical basis, as it will be shown in a
future paper.
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Appendix A.

We want now to compare our results with the covariant approach of reference [2]. Let
us perform a Fourier expansion of x* (o, ), P*(o,T) satisfying equations (2.6):

(o, 1) =X (1) +2 Z q" (1) cosno =

=\ CH(r) - Cat(r)
Vo

COSnNo =

n#0
Pl
Pt (o,T) =+ Z [14(7) cosno =
n=1
Pr L&

=— + 7r_\/§ ; \/u}_n<C#(T) + C’;‘L“(T)) cosno =

P 1
=+ — Z al (1) cosno

where w, = 2rNn, and X#(7) and P*(7) are given by equations (2.18), and the other
quantities are defined as follow:

l

V2wy,

1

a5 (7) =

[Car) = ()] = ——(al(r) = a (1)) >0

Im*(r) = %[Cﬁ(?’)-l—c;';“('r)} = %(aﬁ(ﬂ#—a“n(ﬂ) n>0
Cr(7) =;—;(\/w_nqﬁ(7) + %) n>0 (A2
Cpi(r) =(Ch(r))" | n>0
ali(r) =\/o,Cl(7) = %(wnqzm 1 Il (7)) n>0
a" (1) =\/onCit(7) = (a(7))" n>0

Remembering equations (2.19), we get:

1 [7 1 ™
qn (7) o /_7r oxt(o,T) cosno o | oY*(o,T)sinno,
™ 1 T
I4(7) :/ doP*(o,T)cosno = —/ doP(o,T)sinno, (A.3)
. nJ_.
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so that

2ann smna_@\/_zm (1) — Ci¥(7)) sinno =

= ak (1) sinno,
WN\@Z hr)

P (5, T) :l HM( ) sinno = 1 Z \/m (1) + C:;‘M(T)) sinno =

™ n

n=1
1 ak (1) .
= sinno,
7T\/§ 7;) n

Pl
Al (o, 1) = + — (IT%(7) cos no F wpqk (1) sinno) = (A.4)
n=1
P“ , .
ﬂ—\/_ Z \/E )eizna + C:L;L<T)6:I:zno) _
pu

1o~ 1
BY (o,71) :%P“ + NXH(1) + - Z E(HM(T) sinno & w,gh () cosno) =

We have the following non vanishing Poisson brackets:

{q“ I } = =" 6mn, n,m > 0,
{Ch,Cx Y = in" bmn, n,m > 0, (A.5)
{AL a” .} = iwnGpn, n,m=0,+1,+2, ...,
where we have introduced
alt = /2PH, (A.6)
From equation (3.1) we may express the A#’s in terms of the a#’s:
A=
0 27rN’
AL (T / at (t)e”"me. AT
e [0 5 7

m=—oo
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J#

w oPT
X n + —17"0
eXp[QNP+ o T 7T\/‘ Z }

1 \/"%n+ () u / n.a ( ) —1
a d r \ iro]
P 0 E ak | | oy Jexp —m)o — — e ]

7
= (&
m=—00 r#0 0

The Virasoro generators are

L,(r)= 4N/ doeT ™ x4 (0, 7) Z al - an—m,u =0, (A.8)

m=—0o0

that is:

1 oo
L0:P2+§Za“m-a_mH:P2+ZmeﬁlC;w

m#0 m=1
o) n—1
L, =V2P, -a" + Z ab o Ay + = Z R (A.9)
m=1 m=1
so that equations (3.14) and (3.8) imply:
L _L 5 Al A
n(T) _5 mz_:oo m n—my —
1 i—2n_ X+ (7)
:§a(—)’_e 2a(J)r . (AlO)
L a, (7') —iro
exp|— oF Te
ab - ap_m dae 0L , ~ 0.

The Lorentz generators J*¥ (equations (4.1)) have the following expression in terms
of the ak:

Y =XHT)PY — XU(n)PE 40 Y ali(r)at, (r) =

:ZM(T)PV - ZV(T)P;L 44 Z CL’Z(T)CLZR(T)_’_

Wn




where we have used equations (3.26).
If we compare equations (A.1) with equations (4.5), we get

i Z an (v =i Z () + (A.12)

n#0 n#0

AB(T)AY — Av(n)Al [T, B

—q n n d W T Gp,y

Z o /_7T oe 2NP + ,
n#0

where
ép,u = GM 4+ [(n,u() + ,),I/J,S)Pl/ . (nuo + T]VB)P“}-

X+ - 1 n ™ . B+(o',7')
(7 )“tot(T)—i_LZ_ (T)/ doe ™ N ~ 0,

and

Equations (A.12) have to be compared with similar results in references [13,23].
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